Disjoint Path Covers with Path Length Constraints
in Restricted Hypercube-Like Graphs

Jung-Heum Park?, Hee-Chul Kim®, Hyeong-Seok Lim®*

“School of Computer Science and Information Engineering, The Catholic University of Korea, Republic of Korea
bDivision of Computer and Electronic Systems Engineering, Hankuk University of Foreign Studies, Republic of Korea
¢School of Electronics and Computer Engineering, Chonnam National University, Republic of Korea

Abstract

A disjoint path cover of a graph is a set of pairwise vertex-disjoint paths that altogether cover
every vertex of the graph. In this paper, we prove that given k sources, sy, ..., S, in an m-
dimensional restricted hypercube-like graph with a set F of faults (vertices and/or edges), asso-
ciated with k positive integers, /1, .. ., I, whose sum is equal to the number of fault-free vertices,
there exists a disjoint path cover composed of k fault-free paths, each of whose paths starts at s;
and contains /; vertices fori € {1,...,k}, provided |F| + kK < m — 1. The bound, m — 1, on |F| + k
is the best possible.

Keywords: Hypercube-like graph, disjoint path cover, path partition, prescribed sources,
prescribed path lengths, fault tolerance, interconnection network.

1. Introduction

One of the central issues in the study of interconnection networks is the detection of paral-
lel paths, which is naturally related to routing among nodes and fault tolerance of the network
[18,28]. An interconnection network is frequently modeled as a graph, where vertices and edges
represent the nodes and communication links of the network, respectively. Parallel paths corre-
spond to pairwise disjoint paths of the graph. Disjoint path is, moreover, a fundamental notion
from which many graph properties can be deduced [3} 28]].

A Disjoint Path Cover (DPC for short) of a graph is a set of pairwise disjoint paths that alto-
gether cover every vertex of the graph. The disjoint path cover problem has applications in many
areas such as software testing, database design, and code optimization [2} [31]]. In addition, the
problem is concerned with applications where the full utilization of network nodes is important
[37]. The disjoint path covers, with or without additional constraints on the paths, have been the
subject of research for several decades. They can be categorized as several types, as discussed in
the following, according to whether the terminals (sources and sinks) or the lengths of paths are
prescribed or not. A path runs from its source to its sink.
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Fig. 1: Three types of disjoint path covers.

Unconstrained DPCs. No prescribed terminals or lengths of paths are given in this type.
The problem is to determine a disjoint path cover of a graph that uses the minimum number of
paths. Fig.[Tfa) shows an example of unconstrained DPCs. The minimum number is called the
path cover number of the graph. Obviously, the path cover number of a graph is equal to one
if and only if the graph contains a Hamiltonian path. Every hypercube-like graph [43] has a
Hamiltonian path, and thus its path cover number is one. For more discussion on the disjoint
path covers of this type, refer to, for example, [[1, 19} 27,31} 42].

DPCs with prescribed sources and sinks. Given pairwise disjoint terminal sets § =
{s1,....s¢} and T = {¢1,...,1} of a graph, each representing k sources and sinks, the many-
to-many k-DPC is a disjoint path cover each of whose paths joins a pair of source and sink. An
example is shown in Fig. [[[b). There are two simpler variants: The one-to-many k-DPC for
S ={s}and T = {#, ..., %} is a disjoint path cover made of k paths, each joining a pair of source
s and sink #;, i € {1,...,k}. The one-to-one k-DPC for S = {s} and T = {¢} is a disjoint path
cover in which each path joins an identical pair of source s and sink ¢. The disjoint path cov-
ers of this type have been studied for graphs such as hypercubes [5} (6, 9, [10, [16} [21], recursive
circulants [22| 23], hypercube-like graphs [20, 24, 25/ 37, 38, cubes of connected graphs [34],
k-ary n-cubes [40,46], grid graphs [35], unit interval graphs [32], simple graphs [26], and DCell
networks [44]].

DPCs with prescribed sources and path lengths. Consider a given set of k sources, § =
{s1,..., s}, in a graph G, associated with k positive integers, /i, .. ., [, such that Zf-‘zl L = |V(G)),
where V(G) denotes the vertex set of G. A prescribed-source-and-length k-DPC of G is a disjoint
path cover composed of k paths, each of which is an s;-path of length /; for i € {1,.. ., k}, where s;-
path is a path starting at source s;. See Fig.[I[c) for an example. Here, the length of a path refers
to the number of vertices in the path. This type of disjoint path covers will be mainly discussed
in this paper. From now on, a disjoint path cover whose type is not specified is assumed to be a
prescribed-source-and-length type.

The problem of determining whether there exists a k-DPC in a general graph is NP-complete
for any fixed k > 1, which can be reduced from the well-known HAMILTONIAN PATH problem
in [[15]]. Research on prescribed-source-and-length type is relatively scarce, although some results
for hypercubes can be found in [[7,30]. Nebesky [30] proved that there exists a k&-DPC in an m-
dimensional hypercube, m > 4, for any set of k sources, S = {si,..., s}, associated with k
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positive even integers, [, ..., Iy, whose sum is equal to 2™, subject to k < m — 1. More general
results established by Choudum et al. can be found in [[7].

In this paper, we study the disjoint path cover problem for the class of Restricted Hypercube-
Like graphs (RHL graphs for short) [36], which are a subset of nonbipartite hypercube-like
graphs that have received considerable attention over recent decades. The class includes most
nonbipartite hypercube-like networks found in the literature; for example, twisted cubes [17],
crossed cubes [12]], Mdbius cubes [8]], recursive circulants G(2™,4) with odd m [33], multiply
twisted cubes [[I1], Mcubes [41], and generalized twisted cubes [4]. The definition of RHL
graphs is deferred to the next section (Definition [d). An m-dimensional RHL graph has 2™
vertices of degree m.

As node and/or link failure is inevitable in a large network, fault tolerance is essential to the
network performance. Throughout this paper, let F' denote a set of faults (vertices and/or edges)
corresponding to the set of node and/or link failures. When a graph contains faulty elements, its
k-disjoint path cover naturally means a k-disjoint path cover of the graph, G \ F, with the faults
deleted.

Definition 1. A graph G is called k-path partitionable if G has a k-DPC for any set of k sources,
S1, - - ., Sk, associated with any k positive integers, /i, . . ., Iy, such that Zf.‘zl l; = |V(G)|. A graph G
is said to be fy,-fault k-path partitionable if G \ F is k-path partitionable for any fault set F' with
IF| < fp.

Our main result on the construction of disjoint path covers in RHL graphs can be stated as
follows:

Theorem 1. Every m-dimensional RHL graph is f,,-fault k-path partitionable for any f, > 0 and
k > 1 subject to f, + k <m — 1, where m > 3.

Note that the bound, m — 1, on f, + k in Theorem [I] is the maximum possible. (Suppose
otherwise, no m-dimensional RHL graph would have a k-DPC when, for some vertex v € V(G) \
(S U F), its m — k neighbors are vertex faults whereas its remaining k neighbors are sources, s
through s, with [; # 2 for all i.)

In fact, we will give a proof for a stronger result, stated in Theorem E] below for m > 4,
than Theorem E] asserts, which states that each s;-path in a k-DPC is not allowed to have a sink
contained in a given vertex subset W; of size |W;| < 8(G) — f, — k, where 6(G) denotes the
minimum degree of a graph G. Note that the bound on |W;| is set to the maximum possible value.
(Suppose otherwise, there would exist no k-DPC for the case when the degree of s; is equal to
6(G), I} = 2, and every neighbor of s, is contained in (S \ {s;}) U F U W}.)

Definition 2. A graph G is called fp-fault k-path partitionable in a strong sense if G is f,-fault
k-path partitionable and, moreover, for any given k subsets W; of V(G), i € {1,...,k}, such that
1) W] < 6(G) — f, — k and (ii) s; ¢ W; whenever [; = 1, there exists a k-DPC in G \ F each of
whose paths, P;, has length /; and runs from s; to a sink not contained in W; fori € {1,...,k}.

Theorem 2. Every m-dimensional RHL graph is f,,-fault k-path partitionable in a strong sense
forany f, > 0and k > 1 subject to f, + k <m — 1, where m > 4.

The remainder of this paper is organized as follows: Section 2] presents some preliminaries.
For the proof of Theorem 2] four basic procedures for constructing k<-DPCs are developed in Sec-
tion[3] A few exceptional cases not covered by the basic procedures are dealt with in Section [4]
Finally, the paper is concluded in Section
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Fig. 2: The 3-dimensional RHL graph.

2. Preliminaries

We denote by k-DPC[{(sy, 1, W1), ..., (Sk, Ix, Wi)} | G, F] a k-DPC for given s;, [;, and W,
ie{l,...,k},in a graph G with fault set F. The vertex and edge sets of a graph G are denoted
by V(G) and E(G), respectively. Throughout this paper, a path in a graph is represented as a
sequence of vertices, (vi,...,v,), where (v, v;11) € E(G) for every i € {1,...,n — 1}. An s-path
refers to a path starting at a vertex s; an s—t path refers to a path from s to r.

Many interconnection networks can be expanded into higher dimensional networks by con-
necting two lower dimensional networks. Given a bijection ¢ from V(Gy) to V(G;) for two
graphs Gy and G containing the same number of vertices, we denote by G ®4 G| a new graph
with vertex set V(Gy)U V(G)) and edge set E(Go)U E(G1)U{(v,p(v)) : v € V(Gp)}. Here, Gy and
G are called the components of Gy ®; G, where every vertex v in one component has a unique
neighbor, denoted by v, in the other one. To simplify the notation, we often omit the bijection ¢
from &;.

In 1993, Vaidya et al. [43] introduced the hypercube-like graphs, which are defined recur-
sively with a graph operator @ as follows:

Definition 3 (Vaidya et al. [43]). A graph that belongs to HL,, is called an m-dimensional
hypercube-like graph, where

° HL() = {K[}, and
o HL, ={Gy®4 G| : Gyg,G1 € HL,,_1, ¢ is a bijection from V(Gy) to V(G)} form > 1.

Then, HL, = {K»}; HL, = {OQ»}; HL; = {Q3,G(8,4)}. Here, K, is a complete graph with
n vertices, Q,, is an m-dimensional hypercube, and G(8,4) is a recursive circulant, shown in
Fig. a), that has a vertex set {vo, ..., v7} and an edge set {(v;,v;) : i+ 1lori+4 = j (mod 8)}.
The graph G(8,4) is isomorphic to a 3-dimensional twisted cube 7'Q3, and also isomorphic to
a Mobius ladder with four spokes [29], as shown in Fig. [2] The hypercube-like graphs are
sometimes referred to as bijective connection networks [13}[14}45]].

RHL graphs, which are a subset of nonbipartite hypercube-like graphs, are defined as follows:

Definition 4. (See [36].) A graph that belongs to RHL,, is called an m-dimensional RHL graph,
where

e RHL; ={G(8,4)}, and



e RHL, = {Gy®4 G : Go,G1 € RHL,,_1, ¢ is a bijection from V(Gy) to V(G1)} for m > 4.

Lemma 1. (See [24l].) Let G be an m-dimensional RHL graph, where m > 3.
(a) G has 2™ vertices of degree m. Moreover, it is nonbipartite.

(b) G has no triangle (cycle of length three).

(c) There are at most two common neighbors for any pair of vertices in G.

For the proof of our theorems, we will utilize the fault-Hamiltonicity of RHL graphs. A
graph G is said to be fj,-fault Hamiltonian (resp. f,-fault Hamiltonian-connected) if there exists
a Hamiltonian cycle (resp. if each pair of vertices are joined by a Hamiltonian path) in G \ F for
any set F of faults (vertices and/or edges) with |F| < f;,. The fault-Hamiltonicity of RHL graphs
was studied by the authors in [36].

Lemma 2. (See [136)].) (a) Every m-dimensional RHL graph, m > 3, is (im—3)-fault Hamiltonian-
connected.
(b) Every m-dimensional RHL graph, m > 3, is (m — 2)-fault Hamiltonian.

Theorem 2} our stronger result, is concerned with four- or higher-dimensional RHL graphs;
however, some interesting properties on disjoint path covers of the 3-dimensional RHL graph,
G(8,4), can be discovered. They will be employed in proving Theorem [2] Firstly, Theorem [I]
holds true for m = 3, as shown below.

Proor oF THEOREM[I]ForR m = 3. A 1-DPC can be constructed from a Hamiltonian cycle of
G(8,4)\F, where |F| < 1. A2-DPC can be extracted from a Hamiltonian s;—s; path of G(8,4)\F,
where F = (. The existence of a Hamiltonian path/cycle is due to Lemma[2] O

On the contrary, Theorem[Z]for m = 3 does not hold true, as shown in Lemma@ Nevertheless,
G(8,4) still has good DPC properties for k = 2, as discussed in Lemmas [3]and ] The proofs for
the two lemmas are deferred to the appendix.

Lemma 3. There exists a 2-DPC[{(s1, 1, W}), (s2, [, W2)} | G(8,4), 0] for every pair of triplets
(83, 0;, Wy), i € {1,2}, such that \W;| < 1 and I} + I, = 8, with the unique exception up to symmetry
that sy = vy, so =va, Iy = I =4, Wy = {v3}, and W, = {v}.

Lemmad. (a)If(l1,1;) = (6,2) or (5, 3), there exists a 2-DPC[{(s1, l1, W), (52, b, 0)} | G(8,4), 0]
for any sy, s3, and Wy with |W;| < 3.
(b) There exists a 2-DPC[{(s1, 3, W}), (52,5,0)} | G(8,4), 0] for any sy, s2, and W with |W| < 2.

Consider a fault set F, set of k sources S = {s1, ..., s¢}, and k vertex subsets Wy, ..., Wy in an
m-dimensional RHL graph Gy & G, where Gy and G, are (m — 1)-dimensional RHL graphs. We
denote by F; the fault set in G;, i € {0, 1}, and by F the set of edge faults between Gy and G;.
Then, F = Fo U F{ U Fy. Let f = |F|, fo = |Fol, fi = |Fil, and f, = |F,|, so that f = fy + fi + f>.
Similarly, S¢ and S| denote the sets of sources contained in Gy and G, respectively, so that
S =8SoUS,. Letky = |So| and k; = |§4], so that ky + k; = k. Let Iy and I, be the index sets
such that [y = {j : s; € So}and [, = {j : s; € S1},andlet ] = [y U I,. For j € I, we let
W;) = W; N V(Go) and W} =W;nV(Gy).

Remark. Theorem([I](and Theorem 2)) cannot be extended directly for the hypercube-like graphs.
This is because there exists a bipartite hypercube-like graph, which is equitable, that is, the
two parts of the bipartition have the same number of vertices. If the sources sy, ..., s; are all
contained in one part with some /; being odd, no k-DPC could exist in the graph. The same is
true of the “near” bipartite hypercube-like graphs G, because G \ F would be a (not necessarily
equitable) bipartite graph for some fault set F' of small size.

5



3. Proof of Theorem 2]

In this section, we prove Theorem [2| by induction on m; however, some special cases of the
proof will be discussed in the following section. Let Gy @ G| be an m-dimensional RHL graph,
m > 4, where Gy and G are (m — 1)-dimensional RHL graphs. Given a fault set F and k triplets
(s, 1;, W;) for i € I subject to

l. f+k<m-—1and
2. f+k+|W)| <mforeveryicel,

a k-DPC[{(s;, [;, W)) : i € I}| Gy ® Gy, F] will be constructed. It is implicit in our discussion that
k > 1, Y l; is equal to the number of fault-free vertices of Gy ® G|, And, moreover, s; ¢ W;
whenever [; = 1.

First, we assert in the following lemma that, for the proof of Theorem it suffices to consider
the case where F contains edge faults only, i.e., F € E(Gy ® Gy).

Lemma 5. If there exists a k-DPC[{(s;,l;, W;) : i € I}|Go & Gy, F'] for any fault set F’ with
F’ C E(Gy® G)) and k triplets (s;, 1;, W;) subject to the above two conditions, then there exists a
k-DPC[{(s;, l;, W)) i € I}| Gy ® Gy, F] for any fault set F and k triplets (s;, l;, W;) subject to the
above two conditions.

Proof. Let F contain f, vertex faults, {v,...,vs}. We will show that the desired k-DPC can
be obtained from some (k + f,)-DPC as follows: If we regard each vertex fault v; as a virtual
source, say Siyj, With [ ; = 1 and Wy, ; = 0, then the above two conditions are also satisfied.
Precisely speaking, for S" := S U {sgs1,...,Skep ) and F7 := F\ {vy,..., vz} with 54,5 = v; for
jef{l,..., f,},itholds that (i) |[F'|+|S’| = |[F|+|S| < m—1 and (ii) |F’|+|S’| +|W;| < m for every
ielUfk+1,...,k+ f,}. Then, there exists a (k + f,)-DPC for F’ and the k + f, triplets by the
hypothesis of this lemma. Note that F’ contains edge faults only. Removing the s ;-paths for
all je{l,..., f,} from the (k + f,)-DPC results in the desired k-DPC, completing the proof. [

The following lemma dealing with the base case of m = 4 is verified using computer
programs that exhaustively search for DPCs, mostly on the basis of a variation of depth-first
search. The source codes can be downloaded from http://tcs.catholic.ac.kr/~jhpark/
papers/verifying Lemma_6.zipl

Lemma 6. Every 4-dimensional RHL graph is f,-fault k-path partitionable in a strong sense for
any fp > 0and k > 1 subject to f, + k < 3.

In the remainder of this section, let m > 5. The induction hypothesis states that Gy and G,
which are (m — 1)-dimensional RHL graphs, are f;-fault k’-path partitionable in a strong sense
forany f; > 0and k" > 1 subject to f; + k" < (m—1) — 1 = m — 2. Without loss of generality, we
assume that:

o In={l,....ko}, 1 =tko+ 1,...,ko + ki };

o /> Zlko andlk0+1 > Zlk0+k1;

W;=0if[; =1,

W:NnS =0 foreveryiel,

F contains no vertex faults;

Lo>2""and L; <2™', where Ly = Y, liand Ly = ¥ ¢y, 1.
6
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For our proof, two easy cases are considered first: the case of a unique source, i.e., k = 1 in
Lemma and the case of Ly being equal to the number of vertices of Gy, 2m=1 in Lemrna

Lemma 7. Ifk = 1, there exists a k-DPC[{(s;,l;, W;) : i € I}| Gy ® Gy, F]l in Gy ® G .

Proof. The proof is an immediate consequence of Lemma [2[a) if f < m — 3, and of Lemma[Jb)
if f =m—2 ((W;| < 1). Notice that from a Hamiltonian cycle, we can extract two Hamiltonian
s1-paths, one of which has a sink that is not contained in W;. O

From Lemma[7} we further assume
k>2, and thus f <m — 3. (D
Lemma 8. If Ly = 2", then Gy ® G has a k-DPC[{(s;,l;, W) : i € I}| Gy ® Gy, F].

Proof. Tt follows that L; = 2™ ! and 1 < ko,k; < k. There exists a kQ'DPC[{(S,‘,l,‘,Wl-O) T €
Ip}| Gy, Fo] by the induction hypothesis, because (i) fo + ko < f+k—1 < (m— 1) — 1 and (ii)
for each i € Iy, it holds that fy + ko + IWZ.OI < f+k—-1+|W] <m- 1. Similarly, there exists a
ki-DPC[{(s;, ;, W}) : j € I1}| Gy, F1]. Then, the union of the ky-DPC of G and the k;-DPC of
G results in the required k-DPC of Gy & G;. O]

We further assume Ly > 2! or, equivalently,
A:=Ly-2"">0. )

Now, it is not possible to embed all the s;-paths for s; € S wholly within Gj. One natural
approach would be as follows: (a) Decompose ([, ..., l,) into (/1,.. ., l,’m) +{,. .., l,’{;) subject
0 Diep, Il = 27 land 1 < I < [; for every i € Iy. (b) For each i € Iy, embed an s;-subpath
of length [l in Gy and, if [’ > 1, embed a subpath of length /!’ in Gy, and then connect the two
subpaths into a single s;-path of length /;. (c) Embed the s;-paths for j € I; wholly within G;.

Here, the sink of an s;-subpath, say x;, embedded in Gy, if I’ > 1, should be a vertex such
that x; ¢ S1 and (x;, ;) € Fa. Moreover, if I = 1 (i.e., [ = [;— 1), then X; should not be contained
in Wl.l. We will try a decomposition of (I, ..., ) such that I’ = 0 or [’ > 2 for every i € Iy,
which may be possible only if A > 2, as the condition attached to x; should be stronger if I = 1.
In addition, we prefer a decomposition with some l}’ = 0, plausible only if ko > 2, which will
make it easier to embed the remaining (sub)paths in G;.

In the remainder of this section, we present four basic procedures for constructing k-DPCs
for three cases: (i) kg > 2 and A > 2; (ii) kp > 2 and A = 1; (iii) ky = 1. For most situations, one
of the four procedures will be applicable, leaving a few exceptional cases deferred to Section 4]

3.1. Case whenky>2and A > 2

The aforementioned approach will be taken for this case. There are two basic procedures
depending on whether f; + ko < f + k or not. The first procedure, shown below, insists on the
most preferable decomposition so that (i) ; # 1 for every i € Iy and (ii) [/’ = 0 for some i € Io.
This procedure works well unless ko = 2 and l, > 2”~! — 1, as shown in Lemmas[9]and[10]

Procedure DPC-A({(s;,l;, W) : i € I}, F, Gy ® G1)
[¥ko>2,A>2,and fy + ko < f + k. See Fig.[3] */
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Fig. 3: Illustration of Procedure DPC-A, where m = 6, k = 4, (l’1 s l’l’) = (20, 10), (l;, l’2’) =(9,10),13 =3,and Iy = 12.

1: Decompose (i, ..., I,) into (I, ..., l,’{o) +7, .. l,’{;) subject to the five conditions:
Al: 1 <[} < for every i € Ip;
A2: Y I = om=l,
A3: l,’(o =1y, (l,’(:J =0);
Ad:if [; < 3, then I} = [;;
A5:if [; > 4, then either I/ = [y or I/, " > 2.
Let Iy ={i€ly: ] <l;}and kj = |I]|.
2: Find a ko-DPC[{(s;, I}, W}) : i € Iy} | Go, Fp], where

W =

1

{(weV(Go):weSior(w,w)e Fo} ifiel],

Wi0 ifigl.
Let x; denote the sink of an s;-path in the ko-DPC.

3: Find a (k + k;)-DPC[{(x;, I", Wl.') cie I} U (s, 1, W}) . je 1}|Gy, Fql.

4: Merge the ko-DPC of Gy and the (k, + k{)-DPC of G, with edges (x;, X;) for i € I,.

Lemma 9. The decomposition of Step 1 in Procedure DPC-A is possible unless ko = 2 and
I > -1,

Proof. We first claim that /; > 5. Suppose otherwise, Ly < 4k by the assumption that /; > [; for
every i € Iy. Then, from Lo = 2! + A, it follows that

2" = Ly~ A<dkg—A<A(f+k)-A<4(m—-1)-2,

which is invalid for every m > 5. Thus, the claim is proved.
If ky = 2, then by the hypothesis of our lemma, /, < 2”~' — 2. From the definition of A, it
follows that
L-A=2""-]>2.

Thus, the decomposition of
(L) = —AL)+(A,0)

satisfies the five conditions A1 through AS of Step 1.

For the case ky > 3, we prove by induction on A that the decomposition of Step 1 is possible
under the following constraints: X1: A = >, [; — 2m=1 > 2: X2: forsome 1 < r < ko — 1, it
holdsthatly > --- >, >4 and [,.y,...,l,-1 <3;X3: [} > 5;X4: [, <|2"/ko]. Initially, all the
four constraints X1 through X4 are satisfied.

If2 < A<, -2, it suffices to let



L=l -Aandl/ =A;[l =l;and [ = O forevery i # r.

Clearly, the decomposition satisfies all the five conditions of Step 1, and we are done.
For the remaining case of A >/, — 1, we first claim r > 2. Suppose r = 1 for a contradiction.
Then,
Zie[n L <l +3(ko—-2)+ lko <(A+1)+3(kg—2)+ lko-

From 3 ;cp li = 2m=1 4 A, it follows that
2" A< (A+ 1)+ 3(ko = 2) + i,
or equivalently
2" <y, +3ko = 5 < [ 2" [ko + 2ko + ko — 5 < [2" ko) + 2ko + (m — 1) = 5.
If kg > 4, then
2 < |2"/4) +2m— 1)+ (m—1) =5 < 2" + 3m - 8,
which is invalid for every m > 5, leading to a contradiction. If ky = 3, then
2" <127/3] 4234 (m—1)-5<2"/3+m,

which is also a contradiction, proving the claim.
Now, first suppose that A = [, — 1 (r > 2). If [, = 4 (A = 3), it suffices to let
L=l —Aandl{ =A;I =l;and Il = O forevery i # 1.
If [, > 5, it suffices to let
Ib=3andl/ =1 -3;0_ =l 1-2andl’  =2;I/ =1 and [/ = Oforeveryi #r,r—1.

The decompositions obviously satisfy all the five conditions of Step 1, and we are done.
Finally, suppose A > [, (r > 2). If we let

pr =2and p; = [; forevery i # r,
then we have
N = iy pi = 2" = Sy li= (=2 =27 = A=, ~2) 2 2,

It is straightforward to check that the new (py, ..., pg,) still obeys the constraints X2, X3, and
X4, as well as X1. Therefore, by the induction hypothesis, there exists a decomposition

(pls“"pko) = (p/175p]/¢0)+(p,1,’9p1’c:))
that satisfies the five conditions A1 through AS5. Then,
(i big) = (Do D) + (U 1),

where [/ = p; + (I, —2) and [’ = p} for every i # r. This decomposition obviously satisfies all
the five conditions A1 through A5 of Step 1, completing the proof. [



Lemma 10. When kg > 2, A > 2, and fy + ko < f + k, Procedure DPC-A constructs a k-DPC
unless kg =2 and l, > 2" — 1.

Proof. The decomposition of Step 1 in Procedure DPC-A is possible by Lemma[9] The ko-DPC
of Step 2 exists by the induction hypothesis, because (i) fo + ko < f+k—1 < (m—1)— 1, (ii) for
i € I, itholds that fy + ko +|W]| < fo+ko+ (k1 + f2) < f+k <m—1,and (iii) for i € Ip\ I, it also
holds that fy +ko +|W/| < f+k—1+|W;| < m—1. The existence of the (k;, + k1)-DPC of Step 3 is
due to the fact kjy + k; < k; precisely speaking, because (i) fi + (ky+ k) < f+k-1<(m—-1)-1
and (ii) for each i € I U I, it holds that fi + (kj + k) + IWill < f+k—1+|W; < m—1. Therefore,
the lemma is proved. O

The exceptional case of Lemma where ko = 2 and [; > [, > 2! — 1, will be discussed
later in Section4.2]

The second basic procedure shown below considers the case fy + kg = f + k, or equivalently,
fo = fand kg = k. Notice that fj = f, =0,k =0, and A = 2m=1 The procedure assumes
f+k < m—2; the remaining case of f+k = m—1 will be deferred to Section[d.4] Observe that we
can apply the induction hypothesis to obtain a ko-DPC in Gy \ Fy for the ko triplets (s;, I;, W}) for
i €lp,onlyif |W/| <m—f—kforalli. LetJ ={i€l: |W,Q| < m— f—k}. Then, IWI.OI =m—f—-k
(W! =0) forevery i€ I\ J.

Procedure DPC-B({(s;,[;, W;) : i € I}, F, Gy ® Gy)
[¥ko>=2,A>2,and fy + ko = f + k <m—2. See Fig.[4d] */
1: Decompose (i, ..., l,) into (I7,. .., l,’{o) +{,..., l,’C;) subject to the four conditions:
Bl: 1 <[ < forevery i€ Iy;
B2: Yie Il = am-1
B3: Il <[ foreveryie Ip\ J;
B4: l;. = [; for some j € J. Moreover, l;. #1;-1 (l;.’ # 1) forevery j e J.
LetIj ={i€ly: I <l}andkj = |I].
2: Find a ko-DPC[{(s;, I}, W) : i € Iy} | Go, Fo], where

W =

1

0 ifiel),
WO ifig I

Let x; denote the sink of an s;-path in the ko-DPC.
3: Find a kj-DPC[{(x;, I, Wil) (i e I} |Gy, Frl.
4: Merge the ko-DPC of Gy and the kj-DPC of G with edges (x;, X;) for i € I.

Lemma 11. When kg > 2, A > 2, and fy + ko = f + k < m — 2, Procedure DPC-B constructs a
k-DPC if J # ® and I, < 2"" = (k = 1), where p = argmin ., [;.

Proof. Necessarily in our decomposition, l’i = [; for every j € J such that [; = 2. It is straight-
forward to see that the decomposition of Step 1 is possible if J # 0 and

L+ 2] = 1) + (k= o) <271 if 1, =2,

L+ 210l + (k—1—|h) <2m!  ifl, =1,
I, + (k1) < 2m! ifl, >3,

where J, = {j € J : I; = 2}. Note that J, = 0 if [, > 3, and [, = minje; [;. The left-hand sides of
the inequalities for /, € {1,2} are both equal to k + |J>|, where k + |/ < 2k < 2(m - 1) < om-1
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Fig. 4: Illustration of Procedure DPC-B, where m = 6, k = 3, J = {1,2}, (l’l,l’l’) =(11,30), I, = 20, and (1’3,13’) =(1,2).

for every m > 5. The inequality for [, > 3 is the same as the second precondition of the lemma.
Therefore, the three inequalities hold under the hypothesis of our lemma, and the decomposition
of Step 1 is possible.

The ko-DPC of Step 2 exists by the induction hypothesis, because (i) fo+ko = f+k <m—-2 =
(m—1)—1and (ii) for every i € Iy, itholds that fo + ko + [W/| < f+k+(m~f-k-1)<m— 1.
Note that I = 1 only if i € Iy \ J. Thus, X; ¢ Wi1 (= 0) whenever I’ = 1. Similarly, the k)-DPC
of Step 3 also exists, because (i) f1 + k) < k—1 < (m— 1) — 1 and (ii) for every i € I, it holds
that fi + kj + IW,.II <(k-1)+(@m—f—k)<m—1. Thus, the lemma is proved. O

The exceptional case of Lemma where either / =Qor J # 0 and [, > 2m=l (k= 2), will
be covered in Section [4.3]

3.2. Case whenky >2and A =1

In this case, we have k; > 1. Again, following the aforementioned approach, we pursue a
decomposition of (/y,...,L,) into (I,..., l;{o) + 7, l,’(;) in which l; = [, — 1 for a unique
q € Iy and [! = [; for every i € I other than g. Care should be taken when selecting g among
the ko indices in Iy, because the sink, denoted by x,, of the s,-subpath of length [, — 1 should
satisfy the condition X, ¢ W, as well as X, ¢ S| and (x,,X;) ¢ F,. Fortunately, there always
exists i € Iy with [/ = 0, which is one of the preferable features of our decomposition. Excluding
a very special case, the basic procedure shown below works well, as proved in Lemma[12} Let
Z ={z€ V(G)) : (z,2) € F»}. For a vertex subset X of Gy ® G, X denotes {x : x € X}.

Procedure DPC-C({(s;,[;, W) : i € I}, F, Gy & G1)
/*ko>2and A = 1. See Fig.[f| */
1: Pick up s, € S such that
Cl:l,>3and |(S; UZU W)\ Sl <m— fo — ko, or
C2:l,=2and s, ¢ S{UZUWL
2: Decompose (/1,...,l,) into (l’,...,l,’%) +{,.. .,l;(;) such that ljl =l,—1and [} = [; for
every i€ Iy \ {gq}.
3: Find a ko-DPC[{(s;, I}, W)) : i € Iy} | Go, Fo], where

0 ifi=qgandl, =2,
W/ = (S_1UZUW(})\SO ifi=qgandl, >3,
WO ifi el {g).

Let x, denote the sink of an s,-path in the ko-DPC.
11
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Fig. 5: Illustration of Procedure DPC-C, where m = 6, k =4, ¢ = 2,1} = 20, (l’z,lé’) =(12,1),13 = 16, and I4 = 15.

4: Find (1 + k1)-DPC[{(xy, 1,0)} U {(s}, [}, W/l.) 1 je 1} |Gy, Frl.
5: Merge the ko-DPC and the (1 + k;)-DPC with edge (x4, Xq)-

Lemma 12. When ko > 2 and A = 1, Procedure DPC-C constructs a k-DPC unless the following
four conditions are satisfied simultaneously: (a) fi = 0; (b) So N S1=0SonZ =0, and
S1NZ=0;(c) |Wi1| = m—f—kandWil ﬂ(S_oUSl UZ) =0 foreveryice Iywithl; > 3; (d)
s; € Wi1 foreveryie Iy withl; =2.

Proof. First, we show that picking up s, of Step 1 is possible. There exists i € Iy such that /; > 3;
suppose otherwise, 2! + 1 = Ly < 2ky < 2(m — 1), which is impossible for every m > 5. For
i €lywith[; > 3,

(STUZUWH\ S <ISTUZUW]|=IS;UZU W]
<IS1+ 121+ W]

<ki+h+m-f-k=m-fo-fi—ko
Sm—fo—ko.

The equality |(S_1 UzZu Wil) \ Sol = m — fy — ko holds true for every i € Iy with [; > 3 only if
the three conditions (a), (b), and (c) are satisfied simultaneously. If at least one of the three is
violated, then [(S; UZ U Wil) \ So| < m— fy — ko for some i, which implies that it suffices to pick
up s;. Now, assume that all the three conditions (a) through (c) are satisfied, whereas condition
(d) is violated by the hypothesis of the lemma. Then, for every j € Iy, it holds that s; ¢ SIUZ.
It suffices to pick up an arbitrary s; such that /; = 2 and §; ¢ le., concluding that the picking up
process of Step 1 is possible.

It is straightforward to see that the procedure successfully constructs the desired k-DPC if
the ko-DPC of Step 3 and the (1 + k;)-DPC of Step 4 exist. The existence of ky-DPC of Step 3
is due to the fact that (i) fo + ko < f+k—-1 < (m—1) -1, (ii) fori = g and I/, = 2, it holds
that fo + ko + [W!| = fo + ko < f+k—-1 < m~—1, (iii) for i = g and [, > 3, it also holds
that fo + ko + |W/| < fo +ko+(m— fo—ko—1) = m—1, and (iv) for i € I \ {g}, it holds that
Sotko+|W!| < f+k—1+|W;| < m—1. Note thatky > 2 and k; > 1. The (1+k;)-DPC of Step 4 also
exists because () fi+(1+ky) = fi+(1+k—ko) = (fi+k)—(ko—1) < (f+k)—(ko—1) < (m—1)—1,
(ii) for i = g, it holds that fj + (1 + k;) + 10| < f + k < m — 1, and (iii) for i € I}, it also holds that
A+ +k)+ |Wi1| =fi+tk—(ko—-1)+ IWl.ll < f+k+|Wj]|—-(ko—1) <m— 1. Therefore, the
proof is complete. O

The exceptional case of Lemma[I2] will be discussed in Section[4.5]
12
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Fig. 6: Tllustration of Procedure DPC-D, where m = 6, k = 3, (I{,1{") = (32,10), [ = 12, and I3 = 10.

3.3. Case when kg = 1

Using the aforementioned approach again, we decompose /; into [} + [}, where | = om-1
and /{ = A. We have no room of selecting a source of Gy on the contrary to the previous cases.
Instead, we carefully choose the sink position of an s;-subpath of length /{. The procedure below
assumes fi + k < m — 2; the remaining case of f; + k = m — 1 is deferred to Section [4.7] The
procedure for this case also works well, except for some special cases. An edge (u,v) is called
freeifu,v ¢ S and (u,v) ¢ F. Notice that the condition |W1‘| =m— fi —kisequivalentto fj = f
and |W,| = |W11| =m— f—k. Thisisbecausem— f—k<m— fi —k = |W11| <Wil<m—f—k.

Procedure DPC-D({(s;,[;, W) : i € I}, F, Gy & G1)
[*ko=1and f; + k <m— 2. See Fig.[6] */
1: Pick up a free edge (x, x) with x € V(Gy) such that
)_C¢W11 if A= 10r|W11|<m—f1 -k,
)'cerl ifA22and|Wl'| =m-fi—k.

2: Find a Hamiltonian path joining s; and x in Gg \ Fj.
3: Find a k-DPC[{(x, A, W)} U {(s}, 1}, W}) : je I1}| Gy, Fy], where

0 ifA=1,
Wy =< W if A>2and |W]| <m- fi —k,
Wi\{x} ifA>2and|W!|=m-fi -k

4: Merge the Hamiltonian path and the k-DPC of G| with edge (x, X).

Lemma 13. When ko = 1 and fi+k < m—2, Procedure DPC-D constructs a k-DPC if fy < m—4
and IW}I <m— fi — k for every j € I.

Proof. We first show that it is always possible to pick up a free edge (x, x) of Step 1. When A = 1
or |W11| < m— fi —k, there are 2! candidate edges whereas at most m of them could be blocked
(by k sources, f, faults, and m — f — k vertices in Wl1 ). Thus, there remain at least 2! —m > 11
candidates unblocked. When A > 2 and |W11| =m — fi —k, there are m — f; — k candidates, and
at most one of them could be blocked by s; of Gy. Note that f; = f, and thus f, = 0. Moreover,
Wl1 NS = 0 from our assumption that W; NS = 0 for every i € I. Thus, there remain at least
m—fi—-k)—1>=m—(m—-2)—1 > 1 candidates unblocked. The Hamiltonian path of Step 2
exists from Lemma [2[a). The k-DPC of Step 3 exists because (i) fi +k <m—-2=(m—1) -1,
13



) fi+tk+ W] < fi+tk+(m—fi—k-1)=m~—1, and (iii) for every j € Iy, it holds that
fi+tk+ IW}I < fi+tk+(@m— fi —k—1)=m— 1. The sink of the s;-path is not contained in W
by the choice of (x, X) and the definition of W} in Step 3. The proof is complete. O

The exceptional case of Lemma , where fo = f = m -3 or IW}I > m — fi — k for some
Jj € I, will be discussed in Section 4.6

4. The Exceptional Cases

Dealing with the special cases not covered by the four basic procedures is not an easy task.
We rely on various Hamiltonian properties of faulty RHL graphs, including the fundamental
one given in Lemma [2] Before we examine the exceptional cases in depth, we study the fault-
Hamiltonicity of RHL graphs first in Section[d.1] The three exceptional cases of Section[3.1| will
be addressed in Sections [4.2]through[4.4} the one exception of Section[3.2]and the two exceptions
of Section [3.3] will be addressed in Sections[4.5] {.6] and

4.1. Hamiltonian properties of RHL graphs

We begin with several properties on paths of the 3-dimensional RHL graph, G(8, 4), of Fig.
in Lemmas [T4] through They will be utilized to derive the Hamiltonian properties of four-
or higher-dimensional RHL graphs in subsequent Lemmas [I8] [T9] and [20] The proofs of Lem-
mas[I4]and [16]are deferred to the appendix.

Lemma 14. Let G = G(8,4) and let F C V(G) U E(G) be its fault set with |F| = 1.

(a) If F = {(x,y)}, every pair of vertices s € {x,y} and t € V(G) \ {s} are joined by a Hamiltonian
path of G\ F.

(b) If F = {vo}, every pair of vertices s € {v4} and t € V(G)\ (F U{s}) are joined by a Hamiltonian
path of G\ F. Moreover, there exists a Hamiltonian path joining s and t in G\ F such that s = v;
andt € {va,v4,vs,v7}, s = v and t € {vi,v4,Ve}, or s = vy and t € {v4, v7}.

A hypo-Hamiltonian path in a graph is a path whose length is one shorter than that of a
Hamiltonian path.

Lemma 15. (See [39].) Let G(8,4) have one vertex fault vo. Every pair of vertices, s and t, of
G(8,4) \ {vo} are joined by a hypo-Hamiltonian path provided that {s,t} # {v2,Vs}, {v3,v4}, and
{v4,vs).

The graph G(8,4) even has a 3-DPC for some (/, [, [3), provided that W, = W, = W5 = 0,
as follows.

Lemma 16. If (I;,hL,) = (3,3,2), 4,2,2), or (5,2,1), then there exists a 3-
DPC[{(s1,11,0), (52,12, 0), (s3,13,0)} | G(8,4), 0] for any three distinct sources s, s, and s3.

An unpaired many-to-many 2-DPC joining {s;, s2} and {¢;,%,} in a graph is a set of two
pairwise disjoint paths, {P}, P,}, that altogether cover every vertex of the graph, where P, is an
51—t path and P, is an s,—t, path, or P; is an s,—#, path and P; is an s,—#; path.

Lemma 17. (See [39].) Let S = {s1,s2} and T = {t1,t2} be pairwise disjoint vertex subsets
of G(8,4). Then, G(8,4) has an unpaired many-to-many 2-DPC joining S and T except the
following cases up to symmetry:

14



o S ={vo,vi}and T ={vs,ve},

o S ={vo,va}and T = {v3,vs} or {vs,v7};

e § ={vo,v3tand T ={vi,ve}, {v2,vs}, or{vs,ve};
o S ={vo,va}and T = {vy,vg}.

An arbitrary 4-dimensional RHL graph G is 1-fault Hamiltonian-connected and 2-fault
Hamiltonian by Lemma E]; however, it is neither 2-fault Hamiltonian-connected nor 3-fault
Hamiltonian. We are to hunt for some more Hamiltonian properties of G in Lemmas [I§] and
[ below.

Lemma 18. Let F = {vs} C V(G) be a fault set of a 4-dimensional RHL graph G. Then, for
every pair of vertices s and t in V(G) \ F, there exists a vertex x € V(G) \ (F U {s, t}) adjacent to
vy such that G\ F’ has a Hamiltonian s—t path where F' = F U {x}.

Proof. Let G = Gy ® Gy, where Gy and G, are 3-dimensional RHL graphs, G(8,4). Assume
w.l.o.g. vy € V(Gy). Suppose s,t € V(Gy) for the first case. If we regard v, as a virtual source,
there exists a 3-DPC[{(v, 2,0), (s,5,0), (¢, 1,0)}| Gy, 0] by Lemma @} Let x and y denote the
sinks of a v¢-path and an s-path in the DPC, respectively. Then, a Hamiltonian s—t path of G\ F’
is obtained from the concatenation of an s-path in the DPC, a Hamiltonian y—# path of Gy, and
a one-vertex path (¢). Suppose s € V(Gy) and t € V(G;) for the second case. There exists
a 2-DPC[{(v£,2,0), (5,6, {#})}| Go, 0] by Lemma 3] (also by Lemma [4[a)). If we let x and y be
the sinks of a vy-path and an s-path in the DPC, then the desired Hamiltonian s—¢ path is the
concatenation of the s-path and a Hamiltonian y—¢ path of G;.

Suppose s,t € V(G)) for the last case. We claim that there exists a vertex z € V(Gy) \ {s, #}
such that (i) z # v and (ii) there exists an unpaired many-to-many 2-DPC joining {s, t} and {z, u}
for every u € V(Gy) \ {s,1,z}. By Lemma there exist two vertices satisfying (ii); for example,
if {s, ¢} = {vo, vs}, then v4 and v; will do. Thus, at least one of the two also satisfies (i), proving
the claim. There exists a 2-DPC[{(v/, 2, 0), (2,6, {5, })}| Go, 0] by Lemma a). If we let x and
y be the sinks of v,-path and z-path in the DPC, respectively, the desired Hamiltonian s— path
is the concatenation of three paths: the z—y path and two paths in an unpaired many-to-many
2-DPC of G joining {s, t} and {z, y}. The proof is complete. O

Lemma 19. Let F = {vy,ws} C V(G) be a fault set of a 4-dimensional RHL graph G. Then,
there exist two vertices x; € V(G)\ F, i € {1,2}, such that G\ F! has a Hamiltonian cycle, where
F! = FU{x;}. Furthermore, if v is adjacent to wy, there exist four such vertices x;, i € {1, ...,4}.

Proof. Let G = Gy ® G, where Gy and G are 3-dimensional RHL graphs. We show that there
exist four (resp. two) vertices, x;, such that G \ F; has a Hamiltonian cycle if (v¢,wy) € E(G)
(resp. if (vy, wy) € E(G)).

Case 1: (vi,wy) € E(G). Let vy, wy € V(Gy) for the first subcase. There are two cases up to
symmetry: F = {vg, vi} or {vo, v4}. We let X = {vo, v4,vs,v7} it F = {vo,v1}; let X = {vy,v3, vs, v7}
if F = {vg, v4}. It is straightforward to see that for every x; € X, Gg \ (¥ U {x;}) has a Hamiltonian
path P,. (This is because Gy \ (F U {x;}) is a connected graph that has a cycle of length four or
five.) For two end-vertices u and v of Pj, we can construct a Hamiltonian cycle of G \ (F U {x;})
by merging P;, and a Hamiltonian u—v path of G;. Second, let v € V(Go) and wy € V(Gy),
so that vy = wy. Assume w.lo.g. that vy = vy, where V(Gy) = {vo,...,v7}. Gi \ {wy} has a
Hamiltonian cycle C = (29, 21, - - - » 26, 20), Where we assume v4 = zg. For x| = z, a Hamiltonian
cycle of G \ (F U {x}) is constructed from C \ {z¢} and a Hamiltonian v4—Zz5 path of Go \ {v/}.

15



The existence of the Hamiltonian v4—zs path is by Lemma b). Also for x, = z;, a Hamiltonian
cycle of G\ (F U {x,}) is obtained from C \ {z;} and a Hamiltonian v4—Zz; path of Gy \ {v}. Notice
that x;, x, € V(G}). In a symmetric way, we can also find two more desired vertices, x3 and x4,
in GQ.

Case 2: (vi,wy) & E(G). Letvy,wy € V(Gy) first. There are two cases up to symmetry:
F = {vg,va} or {vg,v3}. Welet X = {vs,vg} if F = {vg,v2}; and let X = {v4,v7} if F = {vo, v3}.
Then, Gy \ (F U {x;}) has a Hamiltonian path for every x; € X. Similar to the first subcase of
Case 1, we can conclude that G \ (F U {x;}) has a Hamiltonian cycle for each x; € X. Second, let
vr € V(Go) and wy € V(Gy). We first claim that there exists a pair of vertices u and v in G such
that (i) {u, u,v,v} N F = 0, (ii) Gy \ {v} has a Hamiltonian u—v path Pj, and (iii) G, \ {w/} has a
hypo-Hamiltonian u#—v path P;. By Lemma b), thereare (4+3+2+6+2+3+4)/2=12
unordered vertex-pairs, each of which is joined by a Hamiltonian path of Go \ {vf}. Among them,
at least six pairs also satisfy (i), as w; may block at most six. From Lemma there remain at
least three pairs satisfying (iii), proving the claim. For the vertex x; € V(G1) \ {w,} such that
x1 ¢ V(P}), a Hamiltonian cycle of G \ (F U {x;}) is obtained from P, and P,. Symmetrically,
we can also find one more vertex, x,, in Go. This completes the proof. O

Finally, we consider Hamiltonian paths that share a common source s in an m-dimensional
RHL graph with at most m — 2 faults, where m > 4. There exist two vertices, f;, each admits
a Hamiltonian s—; path because the RHL graph is (m — 2)-fault Hamiltonian by Lemma [2{b).
(Think of the vertices next to s in a Hamiltonian cycle.)

Lemma 20. Let G be an m-dimensional RHL graph, where m > 4, and let F C V(G) U E(G)
be its fault set with |F| < m — 2. For every vertex s € V(G) \ F, there exist three vertices t;,
i €{1,2,3}, depending on s, such that G \ F has a Hamiltonian s—t; path for every i € {1,2,3}.

Proof. LetG = Go®G1, where G and G| are (m— 1)-dimensional RHL graphs. Assume w.l.o.g.
that s € V(Gy).

Case 1: fo = m—2(fi = fo = 0). There exists a Hamiltonian path P, = (uy,...,u,),
where n > 2™ —(m —2) > 6, in Gy \ Fy because Gy is (m — 3)-fault Hamiltonian. Let
s = uj for some j, and assume w.lo.g. that j < [n/2]. If j = 1, then for any ver-
tex t; € V(Gy) \ {uy}, there exists a Hamiltonian s—t; path, (Pp, P;), in G \ F, where P; is
a Hamiltonian u,—t; path of G;. If j > 2, we have three Hamiltonian paths of G \ F for

{ti,r, 13} = {u,,,u.,-+1,uj_1} as follows: (I/lj, e ,u1,P1,uj+|, ...,Uy), where P; is a Hamiltonian
ui—ujy1 path of Gi; (uj,...,u1, Py, up, ..., ujv1), where P, is a Hamiltonian u;—-u, path of Gy;
(W, ... un, P3,u1,...,uj_1), where P3 is a Hamiltonian u,—u; path of G.

Case 2: fo = m—3 (fi + f» < 1). There exists a Hamiltonian cycle in G¢ \ Fy. From the
cycle, we can extract a Hamiltonian s—x path P, of G \ Fy for some x € V(Gy) \ Fy such that
{x, (x, X)}NF = 0, because fi+f> < 1. There also exists a Hamiltonian cycle, C; = (x,u, ..., v, X),
in Gy \ Fi, as fi <1 < m— 3. Then, we have two Hamiltonian paths of G \ F: an s—#; path
(P, Cy \ {(x,v)}) for t; = v, and an s—¢, path (P, Cy \ {(x,u)}) for t, = u. Here, t;,1, € V(Gy).
One more Hamiltonian path is obtained from the Hamiltonian cycle, C = (s,y,...,2,5),of G\ F,
where at least one of y and z, say z, is a vertex of Gy. The Hamiltonian path, C \ {(s, z)}, joins s

and t; for 13 = z.
Case 3: fo < m —4. In this case, Gy \ F is Hamiltonian-connected from Lemma a).

Case 3.1: fi = m—2(fy = f» = 0). There exists a Hamiltonian path P, = (ui,...,u,)
in Gy \ F;. Suppose s ¢ {uj,u,} for the first subcase. We have two Hamiltonian paths for
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{t1, 2} = {uy,u,} as follows: (Py, Py), where P is a Hamiltonian s—u; path of Gy, and (P, Pﬁ),
where P, is a Hamiltonian s—u, path of Gy and P;f is the reverse, (uy, ..., u;), of P,. Note that
t1,t, € V(Gy). For some t3 € V(Gy), a Hamiltonian s—#3 path can be obtained from a Hamiltonian
cycle of G \ F. Suppose s € {u;, u,} for the second subcase, say s = u;. There exist two vertices
t; € V(Gy), i € {1,2}, such that Gy \ {s} has a Hamiltonian u,—t; path P;, because Gy is 1-fault
Hamiltonian. Then, we have two desired Hamiltonian paths, (s, Py, P1) and (s, Pp,, P2), of G\ F.
Also for #3 = uy, there is a Hamiltonian s—; path, (P3, Pf), where Ps is a Hamiltonian s—i,, path
of G().

Case 3.2: fi < m — 3. The subgraph G; \ F has a Hamiltonian cycle C; whose length, n,
is at least 2"~! — (m — 3). We claim that there exists an edge (u, v) of C; such that (i) it,V # s
and (ii) {u, (u, u), v, (v,v)} N F = 0. There are n candidate edges in C; whereas each element of
{s} U F could block at most two of them. Thus, there remain at least n — (2 + 2f) candidates,
wheren—(2+2f) > 2" ' —=(m-3)— 2 +2(m-2)) = 2" —(Bm—-5) > 1, proving the claim.
If we let P, = Cy \ {(u,v)}, then Pj, is a Hamiltonian u—v path of G| \ F;. Similar to the first
subcase of Case 3.1, we can construct Hamiltonian s—¢; paths for {t;, 1} = {1, v} and 13 € V(Gy).
The proof is complete. O

4.2. Exceptional case of LemmalI0|

We consider the exceptional case of Lemma kp=2andl, >2"' — 1. Wehave [, + I, >
2™ — 2, so that k < 4. A k-DPC will be constructed under the additional conditions: kg > 2,
A>2,and fo + ko < f + k.

Lemma 21. In the exceptional case of Lemma whereky = 2, 1, > 2" ' ~1, and fy+ky < f+k,
there exists a k-DPC[{(s;, l;, W;) : i € I}| Gy @ Gy, F].

Proof. There are two cases depending on whether f; < f or not.
Case 1: fi < f. We employ the existence of an f;-fault &-DPC in G as follows:
Procedure DPC-E1 / See Fig.[/(a).
1: Let (I, ) = (I}, 1) + (I, 7)) such that I} = [} = 2m=2,
2: Find a 2-DPC[{(s1, 1}, W), (s2, 5, W)} | Go, Fo], where W = §1 U {y € V(Gp) : (,5) € Fa).
Let x; denote the sink of an s;-path in the 2-DPC.
3: Find ak-DPC[{()Ti,l;’,Wil) 2= 1,23 U{(s), 1, W}) : je L1} Gy, Frl.
4: Merge the 2-DPC of Gy and the k-DPC of G| with edges (x;, x;) for i € {1,2}.

It is obvious that 2 < [, I’ < [; for each i € {1,2}. The 2-DPC of Step 2 exists because (i)
fotko< f+k—-1<(@m-1)—1land (i) fo+ko+|W|< fo+tko+ ki + o) < f+k<m—1.The
k-DPC of Step 3 also exists because (i) fj +k < f—1+k < (m—1)—1 and (ii) for every i € I,
it holds that f; + k + |Wi1| < f—-1+k+|W]| <m—1. Thus, the procedure successfully produces
a k-DPC of Gy & G;.

Case2: fi=f(fo=/f2=0)

Case 2.1: I, =2™"" — 1. Tt is assumed that 57 ¢ S in Procedure DPC-E2.

Procedure DPC-E2 / See Fig.[/(b).
1: Let (Iy, ) = (I}, 1) + (IY,I) where I} = 1 and [} = I,.
2: Find a 2-DPC[{(s1,/;, 0), (s2, 15, W)} | G, 01.
3: Find a (k — 1)-DPC[{(51, I, Wll)} U{(sj, 1, W}) :je 1}|Gy, Fl.
4: Merge the 2-DPC of G and the (k — 1)-DPC of G| with edge (sy, 57).
17
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Fig. 7: Tlustrations of the proof of Lemma[2I] where m = 6.

The 2-DPC of Step 2 exists because (i) fo+ko < f+k—1 < (m—1)—1and (ii) fo+ko+ |Wg| <
f+k—1+|W,] < m—1. The (k—1)-DPC of Step 3 also exists because (i) fj+(k—1) = f+k—1 <
(m—1)—1 and (ii) for each i € I \ {2}, it holds that f; + (k — 1)+|Wi1| <f+k-1+|W]<m-1.
Thus, the procedure works correctly.

Procedure DPC-E2 can also be used for the case [; = 2"~ —1 and 5, ¢ S, if we interchange
the roles of s; and s,. Thus, the following two cases remain:

e k=4,1; =1 =2""~1,and (51,5} = {s3,54};
e k=31 = 2m_],lg =oml_ 1, and 57 = s3.

We will devise two procedures, depending on whether f +k < m —2 or not, which are applicable
to both of the remaining cases. The procedures use the Hamiltonian properties of faulty RHL
graphs developed in Section 1] Procedure DPC-E3 works if f +k < m — 2.

Procedure DPC-E3 / See Fig.[7c).
1: Pick up a vertex, t,, of Gy such thatt, ¢ So U S| U W),
2: Pick up a neighbor, a, of 51 in G such that Gy \ {s1, a} has a Hamiltonian s,—#, path P,.
3: Find a Hamiltonian @7, path Py in Gy \ (F; U S U {1,}) for some #; ¢ W/.
4: Let the s;-path be (s1, @, P1) and the s,-path be (P,, #;). Every other s;-path is a one-vertex
path (s;).

Lemma |Zka); if m = 5, the existence of « is due to Lemma@ Observe that |F; US| U {6} =
f+(k—-2)+1= f+k— 1. Step 3 is plausible by Lemmaga) if |[FiuS,U{n} <m-4,or
equivalently, if f + k < m — 3; by Lemma[20]if f + k = m — 2, where |W;| < 2 for every i € 1.
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For Step 2, if m > 6, it suffices to pick up a neighbor, different from s, and 7, of s; by



Finally, we present a procedure for the two remaining cases that works if f + k = m — 1.
We can assume {u,v} N S| = 0 for every edge fault (u,v) € Fy, as [; = 1 for every i € I;;
suppose otherwise, the desired k-DPC can be produced by Procedure DPC-E3 under the fault set
F’ = F\ {(4,v)}. Recall that |[W;| < 1 for every i € I.

Procedure DPC-E4 [/ See Fig.[/|(d) and (e).
1: Pick up a vertex x € V(G) \ (S, U Wzl) such that Gy \ (F; U S U {x}) has a Hamiltonian

cycle C = (vo, vi,...,Vn1,V0), Where n = 271 (ky + 1).

2: Case when x # 55: Lett, = x.
a: Pick up a neighbor, «, of s; in Gy such that Gy \ {s;, @} has a Hamiltonian s,—, path
P;.
b: Extract a Hamiltonian a—t; path P from C for some #; € V(C) \ Wll.
c: Let the s;-path be (51, @, P1) and the s,-path be (P,, ;). Every other s;-path is a one-
vertex path (s;).
3: Case when x = 5,: Here, we have k = 3,1, = 2", [, = 2" 1 — |, and 5] = s3.
a: Pick up a neighbor v; € V(C) of x in G| \ F such that (i) v;;| ¢ Wl1 and vy € W21 or
(i) vie1 ¢ W! and v, ¢ W). Assume w.l.o.g. that v,y ¢ W! and vio ¢ W), and let
t = vigr and o = Vi,
b: Find a Hamiltonian s;—#; path Py in Gg \ {s2}.
c: Let the s;-path be (P}, ;) and the s,-path be (s,, x, P,), where P, is the v;/—v;;, path
obtained from C \ {t;}. Every other s;-path is a one-vertex path (s;).

We first claim that the vertex x in Step 1 exists. If F; = @ (where f+k=m—1, fi = f,
k <4, m > 5, and thus k = 4 and m = 5), then x exists by Lemma[I9] If there exists an edge
fault (#, v) € F (with {u,v} N S| = 0), then for at least one of u and v, say u, we have u ¢ Wzl. It
suffices to let x = u by Lemmab), as G1 \ (F1 U1 U {x})is identical to Gy \ (F] U S U {x}),
where F| = F1 \ {(u,v)}, and [F{ U S U{x}| = (f = 1) + (k= 2) + 1 = m — 3. Thus, the claim is
proved. The remainder of the proof is similar to that of Procedure DPC-E3. Note that the vertex
v; of C in Step 3a exists because x has atleast ;m — 1) = (IS4|+ ) =(m-1)-(k-2+f) =2
neighbors contained in C.

Case2.2: I, =2"V (kg =k =21, =2""). If f+ k < m -2, Procedure DPC-E3 can be
recycled to construct a k-DPC for this case just by redefining « as s; itself (instead of a neighbor
of s1). Let us now suppose that f + k = m — 1 (|W;|,|W;| < 1). If there exists an edge fault
(u,v) € Fy such that u ¢ {57,5} U Wll, then we have an s;-path that is the concatenation of
a Hamiltonian s;—u path of Gy \ {s,} and a one-vertex path (u). As there exists a Hamiltonian
cycle, (x1,...,Xpm1_1,x1), in Gy \ (F] U {u}), where F| = F \ {(u,v)}, assuming w.Lo.g. that
5, = x1 and xgm-1_1 € Wzl, we have an sp-path (s, X1, ..., Xon-1_1). Symmetrically, a 2-DPC can
be constructed if there exists an edge fault (1, v) € F such that u ¢ {s7, s;} U Wzl.

There remains a case that {u, v} C {51, 52} U (Wl1 N Wzl) for every edge fault (u,v) € Fy. It
follows that f <2 (where f+k=m— 1,k =2,and m > 5), and thus we have f = 2, m = 5, and
W] N W, # 0. Recall that no RHL graph has a triangle from Lemma b). Let W/ N W) = {w}
(where w # s1,5;) and assume w.l.o.g. that (57,w) € F;. There exists a Hamiltonian cycle,
(x1,...,Xx16,X1), in G1 \ F; by Lemma b). Let 57 = x;. Then, we have w ¢ {x», xi6} by
our construction. Furthermore, it holds that w ¢ {x3, x;5}; suppose otherwise, there would exist a
triangle, (x1, X2, X3, x1) or (x1, X6, X5, X1 ), in G|, which is a contradiction. Assuming w.l.0.g. that
X» # 5, we have an s;-path (s, x1, X16, . . . , X3) and an sp-path (P;, x;), where P, is a Hamiltonian
so—x path of Gy \ {s;}. Therefore, the lemma is proved. O
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Fig. 8: llustrations of the proof of Lemma[22] where m = 6.

4.3. Exceptional case of LemmalI]]

We now deal with the exceptional case: either / =@ or J # 0 and [, > 2m=1 _ (k — 2), where
J={iel: |W?| <m-f—-kland p = argminie] [;. Recall the conditions that kg > 2, A > 2,
fo=f ko =k and f +k < m—2. In this case, [W| =m — f —k (W} = 0) forevery i€ Iy\ J,
and [; > 2! — (k — 2) for every j € J. Moreover, I; > 2 for every i € Iy; suppose otherwise,
I, =1 %# 2™ — (k — 2), which is a contradiction.

Lemma 22. In the exceptional case of Lemmal(ll} where fy = f, ko = k, f +k < m—2, and either
J=0orJ#0andl, > 2=l _ (k — 2), there exists a k-DPC[{(s;,1;, W;) : i € I}| Gy ® G, F].

Proof. Note that f; = f> = 0 and k; = 0. We claim |J| < 2. Suppose otherwise, 3 jc;l; = 3, >
32" = (k=2)) > 2" + 2" —3(m—4) > 2", which is a contradiction for every m > 5, proving
the claim. There are three cases.

Case 1: either J = 0 or J # 0 and f > 1. We employ the existence of a (f;-fault) k<-DPC in
G as follows:

Procedure DPC-F1 / See Fig.[8]a).
1: Decompose (/y,...,I,) into (I7,. .., l;(o) +{,. .., l,’(:)) subject to the three conditions:
Fla: 1< <=1 2 Dforallie Iy\ J;
Flb: 1 < l} < lj—2(l;.’ >2)forall j e J,
Fle: Yiep Il = 2m-1,
2: Find a ko-DPC[{(s;,I;,0) : i € Io}|Go, Fo]. Let x; denote the sink of the s;-path in the
ko-DPC.
3: Find a ko-DPC[{(x;, I, Wil) ci€ Iy} |Gy, 0].
4: Merge the two ko-DPCs with edges (x;, x;) for i € Ij.

The decomposition of Step 1 is possible because (i) [; > 2 forevery i € Iy, (ii) [; > [, > om=l_
(k—2)> 2" —(m—4) > 15 for every j € J, and (iii) Dielpy 1 + X jes2 <2k <2(m-2) < 2m-1
for every m > 5. The ko-DPC of Step 2 exists because (i) fo + ko= f+k<m-2=(m—-1)—1
and (ii) fo + ko +10| < m— 1. The ko-DPC of Step 3 also exists as (i) fi+ko < f+k<(m—-1)—1,
(ii) when J = 0, it holds that f; + ko + |Wi1| <f+k+0<m-—1foreveryi e Iy, and (iii) when
J # 0 and f > 1, it holds that f; +k0+|Wi1| <0+k+(m—-f—-—k)=m-f <m-—1 for every
i € Iy. Thus, the correctness of our procedure is proved.
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Case 2: |J| = 1and f = 0. We have J = {p}, and thus |W](])| <m—kand |Wf)| = m—k(Wl.1 =0)
for every i € Iy \ {p}. Recall that [, > 2m=1 — (k—-2)and[; > 2 for every i € I,.
Procedure DPC-F2 / See Fig.[§|b).
1: Decompose (/y,...,I,) into (I}, ..., l,’(o) +{7,..., l,’CL) subject to the two conditions:
Fa: ! = [; - 1 (I = ) foralli € Ip\ {p};
F2b: [, = o=l Ziei\(p) -
2: Find a ko-DPC[{(s;, I, 0) : i € Io}|Go,D]. Let x; denote the sink of the s;-path, P;, in the
ko-DPC.
3. Let P, = (P;, x;) for every i € Ip \ {p}.
4: In G\ {X; : i € Ip\{p}}, find a Hamiltonian x,—y path P, for some y ¢ Wpl. Let P’p = (P, Pp).
5: Then, {P; : i € Iy} is the desired k-DPC of G & G1.

We can see that [}, > 1 because Yicz\(p) [; = Zieto\ipy li—(k=1) = (2" =1,)—=(k=1) < om=l_1,
Also, we have [}, = om-l Zieinip i < 2l _(k=1) < l,. Thus, it holds that 1 < I/, < I;
for every i € Iy and moreover, Y ey, I; = 2m=1 The existence of the ky-DPC in Step 2 is obvious
because fy+ko < m—2. The Hamiltonian path Pj, of Step 4 exists by Lemma[2(a) when k < m-3,
and by Lemma@]when k = m—2 (where |W;| < 2 for every i € I). Thus, the procedure is correct.

Case 3: |J|=2and f = 0. Let J = {p,q}. Itholds that [, = [, = 2m=1 _ (k—2)and [; = 2 for
eachi # p, q from the fact that 3 i = (1, +1) + Xic\(p.gy i = 202" —(k=2)+(k=2)-2 = 2™,
Thus, we have J = {1, 2} from our assumption that [; > --- > [y,.

Procedure DPC-F3 / See Fig.[]c).
1: Let P; = (s;,5;) forevery i € Iy \ {1,2}.
2: In Go \ {s; : i € Ip \ {1}, find a Hamiltonian s;—x path P; for some x with x ¢ Wll. Let

Py = (P, X).

3: In G1 \ {X, 53, ..., S}, find a Hamiltonian s;-y path P; for some y with y ¢ W21. Let P, =

(52, P)).

4: Then, {P; : i € Iy} is the desired k-DPC of Gy & G.

The Hamiltonian paths P, and P}, of Steps 2 and 3 exist due to Lemma Eka) when k < m -3,

and due to Lemma [20] when k = m — 2 (where |W;| < 2 for every i € I). Thus, the procedure
works correctly. This completes the proof. O

4.4. Case whenky>2, A>2,and fo+ko=f+k=m—-1

This is one of the three exceptional cases that were deferred from Section It holds that
fo=f(i=f=0),ky =k (kg =0),and |W;| < 1 for every i € I. We note that the induction
hypothesis does not guarantee the existence of a ko-DPC in G \ Fy, even if W; = @ for all i € I.
This is because fy + ko ﬁ (m — 1) — 1. Instead, we will pick up a source s; € S( and find a
(ko — 1)-DPC for the sources of S \ {s;} in G¢ \ Fy, and then construct the desired k-DPC using
the (ko — 1)-DPC. Recall the assumption that [} > -+ > .

Lemma 23. When kg > 2, A > 2, and fo+ ko = f +k = m— 1, there exists a k-DPC[{(s;, l;, W;) :
iel}|Gyo® Gy, F].

Proof. Two cases arise depending on the size of /;. Note thatif f =0, wehavek=m—-1—- f =
m — 1 > 4 from the assumption of m > 5.

Case 1: 1, <21,
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Case 1.1: either f > 1 or f = 0 and (k —3) + [,_; + [y < 2™ !. Assume w.l.o.g. that either
=0or Wi] # 0 for all i € Iy with [; = [;. Observe that [; > 2"/k > 2™ /(m — 1) > 8. The

procedure shown below utilizes a (ko — 1)-DPC of Gy \ F and a kj-DPC of G, for some k), where
ki < koif f > 1;kj < ko if f = 0.
Procedure DPC-G1 / See Fig.[9]

1:

Decompose (I, . .., ly) into (I}, . .., l,’(o) +{,..., l,’c:) ) subject to the following conditions:
Gla: 1 <) <l foreveryie I\ {1};
G1b: Dy [ =271
Gle: Il = (I =0)if [; =2fori e Iy \ {1};
Gld: l;q]_1 = Ig,—1 and l;% =y, (11/(;_1 = l,'(; =0)if f =0.
Regarding s; as a non-source vertex virtually, find a (ko — 1)-DPC[{(s;, I, W]) : i € Ip \
{1}}| Go, Fo), where .
Wll ifW?:Oandllleizll,
{s;} if Wi0 =0Qand [ =1[; <1,
Wl.1 ifll=1-1,

WY otherwise.

Let x; denote the sink of the s;-path P; in the (kg — 1)-DPC.

Let P, in the (ko — 1)-DPC pass through sy, i.e., P, = (uy,...,uy), where 51 = u;,; for some
jz L Letly={iely: Il <L}U{l,r}and k; = |I]].

Unless [, = I, = I and 51 = uy, find k[-DPC[{(xX;, [; =+, Wll), W, I~ WHiul(x, I, Wil) :
i € I\ {1,r}}| Gy, 0], and then merge the two DPCs with edges (x;, X;), (u;, 4;), and (x;, X;)
forie Iy \{1,r}.

If I, =1, = Iy and sy = uy, find k;-DPC[{(y,]; - 2, WI‘),(Z,Z, WHi U {(x;, ll'.',Wl.') ti€
Ip\ {1,7}}1G1,0], where y = uy_; and z = uy_5, and then merge the two DPCs with edges
0¥ (z,2), and (x;, X;) for i € Ij\ {1, r}.

The decomposition of Step 1 is possible. This is because () ey li 2 21 (ii) if either

W =

1

f > 1 Ol‘f =(0and lko_] < 2, then Zie]o\{l}with ;=2 2+Zi€10\[1}with Li#2 1< 2(](—1) < 2(m—2) < 2m_l;
(111) lff = 0 and lko—] 2 3, then lko—] + lko + ZiEI(]\{l,ko—l,ko} 1 = (k - 3) + lko—l + lk() S 2m71 by the
hypothesis of Case 1.1. The (ko — 1)-DPC of Step 2 exists because fy + (ko — 1) = f+k—-1<

(m
for

—D-1land fo + (ko — D) +|W/| <m—1forallie€ Iy\ {1}. It is straightforward to check that
each i € Iy \ {1, r}, the final s;-path of length /; has its sink not contained in W;. Concerning
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the s1-path completed in Step 4, we claim that either [} =/, + j>2or/; -/ +j=1and X, ¢ Wll.
It suffices to show that x, ¢ W11 ifth -l +j=1@0e,l. =1 =0Land j=1).If Wf) =0, we
have W, = W! and thus X, ¢ W|; if W? # 0, we have W} = 0 and, moreover, W, = 0 from our
assumption that W} = @ or W} # 0 for all i € Iy with /; = I}, implying X, ¢ W/. Thus, the claim
is proved.

In addition, we claim that either /, — j > 2 or [, — j = 1 and u; ¢ W,l, concerned with the
s,-path completed in Step 4. We will show thatit; ¢ W} if I, — j=1(i.e,l. =l and j=1, -1
(s1 = up)). It follows that W, # {s;}, because s; = uy. From the definition of W] and the fact
that , = 1,, we can see that W0 # Q or I, = [, = I;. If W0 # 0, then W! = 0 and thus it; ¢ W.
The case I/ = I, = I, does not occur due to the hypothesis of Step 4. Thus, the claim is proved.
Also, the s;-path and s,-path completed in Step 5 have their sinks that are not contained in Wl1
and W], respectively, as their subpaths embedded in G; have lengths at least two. If f = 0, the
si-1-path or s;-path is embedded wholly within Gy, and thus kj < k. The kj-DPCs of Steps 4
and 5 exist because (i) for f > 1, it holds that f; + k) < k= (m—-1) - f < (m—1) -1, and (ii)
for f = 0, it holds that f; + k(’) <k-1<(@m—-1)— 1. Therefore, the procedure is correct.

Case 1.2: f = 0and (k=3)+1_1 +1; > 2!, We can see that k = 4 because for any k > 5, we
have (k—3)+1_; +1; < (m—4)+2-2"/5 < 2! Furthermore, it holds that (k—3)+;_; +1; > 2"
onlywhenk=4(m=5)and]; =L =L =1y = 2m=2 = 8. We let Gy = Hy®H,, where Hy and H,
are isomorphic to the 3-dimensional RHL graph G(8,4). For a vertex vin H;, i € {0, 1}, the vertex
in H,_; adjacent to v is denoted by ¥. When all the four sources are contained in Hy, we first find

a Hamiltonian s1—s4 path, (uy,us, ..., ug), in Hy, where s; = u; and s4 = ug. Assume w.l.o.g. that
s2 = ujy1 and s3 = ujy; for some i < j. There exists a Hamiltonian cycle C = (xq, x2, ..., X7, X1)
in Hy \{i;}. Assuming w.l.0.g. that x; = §4 and x7 ¢ Wf, we have an s4-path Py = (s4, X1, ..., X7).

Also, there exists a 3-DPC[{(IZ’, 8—i—-1, Wll), (uj, 8 — j+1i, Wzl), (u7,j+1, W31)} |G1,0] by the
induction hypothesis. Then, the remaining three paths P, P,, and P; are the concatenation of
(uy,...,u;,u;) and Ifi—path in the 3-DPC, the concatenation of (1, ...,u;) and the u;-path, and
the concatenation of (u,1, ..., u7) and the u7-path, respectively.

When three sources, say si, s», and s3, are contained in Hy, we find a Hamiltonian s;—
s3 path, (uy,up,...,us), in Hy where s; = uy, s = u;y; for some 1 < i < 6, and s3 =
ug. Then, P;, P,, and P; are obtained by merging {(uy,...,u;), (Wi+1,...,u7), (us)} and a 3-
DPC[{(u;,8 — i, Wll), (u7,i+1, Wzl), (ug, 7, W31)} |Gy, 0] with edges (u;, u;), (u7,u7), and (ug, ug).
P, will be a Hamiltonian s4,—x path in H; for some x ¢ Wf. Finally, when two sources,
say s, and s, are contained in Hy, we can find a 2-DPC[{(sy, 5, {3, $4}), (52,3, 0)} | Hy, 0]
by Lemma [fa). Let x; be the sink of the s;-path for i € {1,2}. We can easily
check that there exists a 3-DPC[{(x}, 3, W?),(S3,lé,@), (54,0, )} | Hy, 0] for some ([,1)) €
{(1,4),(2,3),(3,2),(4,1)}. Lety; be the sink of the s;-path for j € {3,4}. Also, there exists
a 3-DPC[{(x, 5, Wzl), (3,15, W3'), 0.1, Wi)}IGl,(b], where I = 8 = [ and I] = 8 —[}. The
desired 4-DPC can be obtained from three DPCs: the 2-DPC of Hj, the 3-DPC of H;, and the
3-DPC of G;.

Case 2: 1; > 2™ 1. We will regard s, (instead of s;) as a virtual non-source vertex and find
a (ko — 1)-DPC of Gy, from which a k-DPC of Gy @ G, will be constructed in a similar way to
Case 1. For I’ := {i € Iy : l; = b}, it is assumed w.l.0.g. that either Wzl =0or Wi1 # O for all
iel Ifl, =3and W21 = {w} for some w € V(G,), weletI” ={i € I' : (s5;,w) € E(Gp)}; let
I” = ( otherwise.

Procedure DPC-G2 / See Fig.[I0}

23



S, S5 (8) Sy Sy (16) S

S5
(16) o (8) O~ (8) S“(g) " s 5.(8) ©(8)
Ul [P bl et
X, u, OXs u, u Us

Us s 16 Uy JUs U
(20)3)(' HPX ®)PY (28)% x W
@ r=3 (0) r=landl, - j<b(j=8) ©r=landl —j>5(j=2)

Fig. 10: Ilustrations of Procedure DPC-G2, where m = 6, k = 4, and (I1, 2, [3,14) = (36,12,8, 8).

1: Decompose (11,13, ..., I,) into (I}, 1}, . . ., l;{o) +7 0, ... l,’(:)) subject to the two conditions:
G2a: Il = [; forevery i € Ip \ {1,2};
G2b: I} = -l ez L
2: Regarding s, as a non-source vertex virtually, find a (ko — 1)-DPC[{(s;, [, W) : i € Iy \
{2}}1Go, Fol, where W[ = W? and fori e Iy \ {1,2},

WO it W 0,
Wi=1 W) ifW)=0,iel'\I”, and ;> 3,
{s2} otherwise.

Let x; denote the sink of the s;-path, P;, in the (ko — 1)-DPC.
3: There exists a path, P,, in the (kg — 1)-DPC that passes through s,.

At this point, the procedure is incomplete. The remainder differs depending on whether r > 3
orr = 1. Let r > 3 for the first case. We represent P, as (s, Py, X, 52, Py, y). Let [, and I, be
the lengths of subpaths (s, P,, x) and (s2, Py, y), respectively, and let ) = [, = 1), ] = I, — I}.
To construct a k-DPC, it suffices to define three paths: an s;-path Py, an s;-path P,, and an
s,-path P,. If (i) either I/ > 2 or I/ = 1 and X ¢ W} and (ii) either Iy >22o0rl] =1 and
y ¢ W,, it suffices to find a 3-DPC[{(x7,l; — [}, W), (x, I/, W}), (5,15, W)} | G1,0] and merge
the two DPCs, the (ko — 1)-DPC of G¢ and the 3-DPC of G;. Suppose I’ = 1 and x € W,',
violating the condition (i). Then, we have s, = y (W’ # {s5}) and W° = 0. By the choice of
W/, we can see that r € I’ \ [” and I, > 3 (I, = I). If either [, > 4 or [, = 3 and W21 * {x},
where the s,-path in the (kg — 1)-DPC is represented as (s,, P;, z, x, s»), it suffices to construct a 3-
DPC[{(x1, 1 — I}, W), (z,2, W}, (X, [ =2, W)} | G1, 0] and merge the two DPCs. The remaining
possibility of [, = 3 and W2l = {x} leads to r € I”, which contradicts the fact that » € I’ \ I”’. Now,
suppose Iy =l and y € W2', violating the condition (ii). Then, we have [, = I, (r € I'); whenever
I, = 3, it holds that (s,,y) ¢ E(Gy), meaning r € I’ \ I”. Note that no RHL graph contains a
cycle of length three by Lemma b). Furthermore, we have W! # 0 (W° = 0), because W21 # 0.
(Recall the assumption that W21 =0 or Wi1 # 0 for all i € I’.) By the choice of W, (where

W # Wzl), we have [, < 2. This implies that the s,-path is (s,, s2), which is impossible because
W/ = {s2}.

For the second case, let r = 1, i.e., the s;-path of the (ky — 1)-DPC passes through s,. We
represent the si-path as (u1, ua, ..., ur ), where sy = uy, 52 = ujyy forsome 1 < j </ -1, x = u;,
y =g, and 7 = u,. It suffices to construct two paths, an s;-path P; and an s,-path P,, of the
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desired k-DPC. Let P| = (uy,...,u;) and P) = (uj1,..., ”l’.)' By the choice of W/, we have
z¢é WlO There are three possibilities. First, if either [{ — j <l —2orlj - j=5L - 1andz ¢ wl,
there exists a 2-DPC[{(x, [; — J, Wll), (b — l’l + 7, Wzl)} | G1, 0] by the induction hypothesis. Then,
Py is the concatenation of P} and the X-path in the 2-DPC, and P, is the concatenation of P
and the z-path. Second, suppose I} — j =, — 1 andz € W,. If [, > 3, then by Lemmas a)
and depending on whether m > 6 or m = 35, it suflices to let P, = (ujyq,..., M]']_l,)_), t,) for
some t, # z and let P; be the concatenation of three subpaths: P/, a Hamiltonian x—Z path in
G\ {, 12}, and the one-vertex path (z). If [, = 2, meaning s, = z, then we let P, = (s, x) and let
P/ be the concatenation of (uy,...,u;_1) and a Hamiltonian #;~;—¢; path in G, for some #; ¢ Wll.
(Note that [{ > 3. Suppose /{ = 2 for a contradiction. It follows that X ;c;\j1.2 0 = o=l 9,
From the hypothesis that I; > 2!, we have /; = 2"7' + 1 and [, = 1. This implies that
Diieivit2y i = Zieriay 1 = ko —2 < m—3, which is a contradiction.) Finally, suppose [} — j > L.
Ifve Wg, where v = uj;,, we let Py = (uj41,...,uj4,). An si-path Py is constructed as follows:
If v = z, Py is the concatenation of P} and a Hamiltonian x—#; path of G; for some #; ¢ wl
if v # z, Py is the concatenation of three subpaths, P, a Hamiltonian x—w path of G|, where

W = Ujil+1, and (Mj+12+1, e ,M[fl). Ifv e Wg (where [, > 2), we let P, = (Mj+1, e ,Mj+12_1,17t),
where u = u;,;,1, and let P be the concatenation of three subpaths: P}, a Hamiltonian x—v path
in Gy \ {u}, and (ujyy,, . . ., ur ). This completes the entire proof. L]

4.5. Exceptional case of Lemma

The exceptional case of Lemma occurs when the following four conditions are satisfied
simultaneously: (a) f1 = 0;(b) SoNS|1 =0,SoNZ=0,and S 1NZ =0; (¢c) IWill =m-f—kand
W!N(SoUS1UZ) =0foreveryie Iy withl; > 3;(d) 5; € W! forevery i € Iy with ; = 2. Here,
Z ={z€ V(Gy) : (z,2) € F,}. We have the additional conditions that kg > 2 and A =1 (k; > 1).

Lemma 24. [n the exceptional case of Lemma@ there exists a k-DPC[{(s;, [;, W;) i € I} |Gy &
Gy, F1.

Proof. There are two cases.
Case I: fo + f> + ko > 3. Letr = ko + 1. By assumption, we have /. > [; for all j € I,.
Procedure DPC-H / See Fig.

1: Decompose (I, ..., ) into (], .. .,l;(o) +{7,.. .,l;(;) sothat/{ = /1 — 1 and [] = I; for every
i€ly\{1}. .

2: Find a ko-DPC[{(s;, 1, W) : i € Iy}| Go, Fol, where W] = (ZU 51 U W)\ {5;} and W/ = W?°
foralli € Iy \ {1}. Let the s;-path in the ko-DPC be (X[/I 7/ T Xx1), where s; = xr.

3: Case when x| # s,: Find a (k; + 1)-DPC[{(x1, 1, 0)} U{(s}, ;, W}) : je€ I} Gy, 0] and merge
the two DPCs.

4: Case when x; = s, Pick up an edge (x4, X4+1), 2 < g < [}, of the si-path such that
{(xg, Xg), (Xgr1, Xge DI N F2 = 0, {xX4, X1} NS = 0, and [, > g + 3. Then, find a (k; + 2)-
DPC[{(Xge1, g + 1, W), (g, 1 = g = LW, (5., 1,0} U {(s, 1;, W) = j € I\ {r}}| Gy, 0] and
merge the two DPCs.

The ko-DPC of Step 2 exists because (i) foy + ko < f+k—-1) < (m—-1)—-1, (i1) fo + ko +
Wil < fo+tko+(fa+ki+(m—f—k —1)=m~-1, and (iii) for i € Iy \ {1}, it holds that
Jotko+ W/ < f+(k—-1)+|Wj| < m-1. The (ki + 1)-DPC of Step 3 also exists because
ki +1=(k—ko)+ 1 < k— 1. For the existence of such an edge (x,, x,+1) in Step 4, it suffices to

pick up one in the set of f, + k; independent edges, {(x2, X3), (X4, X5), . .., (X2(f+k1)> X2(fo+k)+ 1))
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Fig. 11: Illustrations of Procedure DPC-H, where m = 6, k =4, r = 3, and (I, [, [3,14) = (20,13, 19, 12).

where g € {2,4,...,2(f2 + kp)}. (Recall x; = s, € §1.) The edge set exists because [ =
L =1>TLo/kgl =1 27" '+ 1)/m=2)1-1>2m—=3)+1>2(f + k) + 1. (Note that
otk < f+(k—ky) < f+k—=2 < m—-3.) Furthermore, we have [, > [L,/k;1 > [(2""'-1)/(m-3)] >
2(m—3)+3 > 2(fa+k1)+3 > g+3 for every possible g. The (k; +2)-DPC of Step 4 exists because
O fittk+2)=f-(o+fD)+k-k)+2=(f+k)-(fo+fa+tk)+2< f+k-1<(m-1)-1
and (i) fi + (k1 +2) + IW}I < f+k-1+ |Wj!| < m—1forevery j € I; U{1}. Thus, the procedure
is correct.

Case 2: fo+ fo+ko < 2, i.e, f = 0andky = 2. We claim that there exist two disjoint
paths in Gy, an s;-path P; of length /; — 1 and an s,-path P, of length I, such that #; ¢ S| U Wl1
and 1, ¢ Wg, where ¢; is the sink of P;. Provided the claim is proved, the desired k-DPC can
be constructed straightforwardly using a (k; + 1)-DPC of G, for the sources S| U {#;} (because
ki +1 < k—1). It remains to prove the claim. If either /, = 1 or [, = 2 and m > 6, the claim
is obvious from Lemma |Zka). Hereafter, assume that either I, > 3 or [, = 2 and m = 5. Notice
that [WJ| < 1 by the conditions (c) and (d), and recall that [W| = 1 only if /, = 2, m = 5, and
k=3 =1). Let Wg = {wp} if IWSI = 1. For the proof, we utilize the recursive structure of
Go = Hy® Hy, where H;, i € {0, 1}, is an (m — 2)-dimensional RHL graph. Recall that ¥ denotes
the unique neighbor of v € V(H,) contained in H,_;.

Case 2.1: s1,5, € V(Hp). When I, < 2"2 — 1, we first find a Hamiltonian s,—s, path
P, in Hy \ F’, where F’ = {(sp,wp)} if |Wg| = 1 and (s2,wz) € E(Hp); F' = 0 otherwise.
The path P;, exists due to Lemma |Zka) if m > 6, and due to Lemma @a) if m = 5. Let
Py, = (s1, Py, x,, Py, 52), where the length of subpath (y, Py, s5) is . Then, P, is the reverse of
(y, Py, s2) and Py = (s1, Py, x, P}), where P; is a Hamiltonian X—#; path of H; for some #; € V(H)
with 7; ¢ S1 U W]. Note that y ¢ WY even if W) # 0 (where I, = 2), by the construction of
P,. When [, = 2"2 there are two subcases. If m > 6, we find a Hamiltonian $—1, path,
($, P, ty,11), in H; for some #; with i # s; and f; ¢ S| U Wll. Then, P, = (53,5, P, 1)
and Py = (P),t;), where P; is a Hamiltonian s1—f1 path of Hy \ {s2}. If m = 5, we find a
Hamiltonian s,—s, path, (sy = wuj,us,...,us = s»), in Hy. From Lemma [d{a), there exists a
2-DPC[{(u3, 5, W)), (dy, 3,0)} | Hy, 0], where W] = S U Wll. Note that |W{| < ki + (m— f —k) =
m — f — ko = 3. Then, P; is the concatenation of (uy, up, u3) and the u3-path in the 2-DPC, and
P, is the concatenation of (ug, u7, ..., us) and the uy-path.

Case 2.2: s, € V(Hy) and s, € V(H;). When I, = 2"~2 it suffices to let P, be a Hamiltonian
s1—t; path in Hy for some t; € V(Hy) with; ¢ S, U Wll, and P, be a Hamiltonian s,—#, path in
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H, for some t, € V(H;). When [, = 2% — 1, we find a Hamiltonian s,— path, (s2, P, 12, t1),
in H, for some t; with /{ # s; and f; ¢ S| U Wll. Then, P, = (s2,P,12) and Py = (P}, 1),
where P) is a Hamiltonian s1—f path of Hy. When I, < 2m=2 _ 2 there are two subcases. If
m > 6, we find a Hamiltonian s,—y path Pj, in H; for some y € V(H;) withy ¢ S| U Wll. Let
Py = (52, P/, 1, x, P”,y), where the length of (s, P',1;) is . Then, P, = (82, P', ). If X # 51,
P, is the concatenation of a Hamiltonian s,—% path of Hy and (x, P”,y); if £ = sy, Py is the
concatenation of (s, x, P”,y) and a Hamiltonian $—z path in Hj \ {s;} for some z € V(H,) with
zZ¢ S, U Wll

Finally, if m = 5, Hy is isomorphic to the 3-dimensional RHL graph G(8, 4), shown in Fig.[2]
Itis assumed w.l.o.g. that V(Ho) = {vo, ..., v7}, E(Hp) = {(v;,v;) : i+1ori+4 = j (mod 8)}, and
s1 = vg. Pick up a vertex y in H; such that (i) y # v3,vs, (i) y ¢ S1 U Wll, and (iii) y # $5. Such
a vertex y exists because there are eight candidates whereas at most six (= 2 + 3 + 1) of them
could be blocked. From Lemma a), there exists a Hamiltonian s,—y path P, in H; \ F’, where
F' = {(s2,wn)} ifIWgI = 1 and (s2,wy) € E(Hy); F’ = 0 otherwise. Let P, = (s2, P, 12, X, P, y),
where the length of (so, P,#;) is (< 6). Then, P, = (s,,P,t;). Note that t, ¢ Wg by the
construction of Pj,. If X # s, P; is the concatenation of a Hamiltonian s;—% path of Hy and
(x, P’,y). Let us now assume that ¥ = s;. From Lemma b), there exist at least three vertices
v;» J € {1,2,3}, such that § and y; are joined by a Hamiltonian path P;. in Hy \ {s1}. (Recall that
Yy#Ev3,vs) Ify; €S U Wl1 for some j, then Py = (s1,x, P',y, P;); otherwise, it suffices to let
P be the concatenation of a Hamiltonian s;—9 path of Hy and the reverse of (x, P’,y) (because
Sy Wll = {¥1,2,y3}). This completes the proof. O

4.6. Exceptional case of Lemmal|I3)|

We now consider the exception of Lemma , the case when fy = f = m -3 or IW}I >
m — fi — k for some j € I,. Note that the condition IW}I >m — f; — kis equivalent to f; = f and
Wil =m~ f~k because m — f —k < m~ fi —k < |W}| < |W,| < m~ f ~ k. There are two
additional conditions: kp = 1 and fj + k <m — 2.

Lemma 25. In the exceptional case of Lemma [I3] where kg = 1, fi + k < m — 2, and either
fo=f=m-3or fi = fand IW}I =m~— f—kforsome j € I, there exists a k-DPC[{(s;, [;, W;) :
iel}|Go® Gy, Fl.

Proof. ParT A: Letky =1, fi +k <m -2, and fy = f = m — 3 for the first part. Then, we have
ko =k =1land |W;| < 1foreveryi el (becausek > 2, f+k<m-1,and f+k+|W)| <m
for all i € I). From Lemma there exist three vertices x;, j € {1,2,3}, such that Gy \ F has
a Hamiltonian s;—x; path for every j. Thus, for at least one x;, it holds that X; ¢ {s,} U Wll. It
suffices to find a 2-DPC[{(X}, A, Wll), (82,15, Wzl)} |Gy, 0], and merge the Hamiltonian path and
the 2-DPC with edge (x}, X)).

Part B: We now assume thatky = 1, fi+k <m-2, fi = f (fo = /> = 0), and |W}| =m-f—-k
for some j € I;. Let r € I} be an index such that |W,1| =m~—f—kandl >I;forall j €I} with
IWJ'.I = m— f—k. We assume w.l.o.g. that 5, # sy or [, > [; forany j € I, \{r} with IW]!I =m—f—k.
Then, we have W? = ( and, moreover, /, > 2 from the assumption that W; = @ whenever [; = 1.
Contrary to all the previous cases, a kj-DPC of G will be utilized for the construction of a k-DPC
inGo®G,. For I, = I, +A, there exists a k;-DPC[{(s,, [/, Wll)}U{(sj, l;, W}) 1 je L \{r}} Gy, Fil
by the induction hypothesis (because k; = k—1). Let the s,-path in the k;-DPC be (v{,vs, ..., vp),
where s, =v;. Letz=v;,x =v; 41,y = vy, and v = v; _;. In addition, let u = v;,_, if [, > 3. Note
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thaty ¢ Wll. We denote by P, and R;, respectively, the subpaths (vq,...,v;) and (v;41,...,vy) of
the s,-path so that the s,-path is the concatenation of P, and R,. Similarly, let P, = (vi,...,v;_1)
and R, = (v;,,...,vp), etc. To obtain the desired k-DPC, it suffices to construct an s,-path P, of
length /, and an s;-path P of length /;.

Case l: 7 ¢ er. If x # s1, we let P, = P, and P; be the concatenation of a Hamiltonian
s1—x path of Gy and R,. If x = sy, it suffices to let P, = (P,, V) and P, be the concatenation of a
Hamiltonian s;-Z path of Gy \ {V} and R,. Note that v ¢ W, because W? = 0.

Case 2: 7€ W

Case 2.1: v # s1. Let P, = (P,,v). If 7 # 51, we let P, be the concatenation of a Hamiltonian
51—z path of Gy \ {v} and R,. We now assume that z = s;. If either m > 6 or m = 5 and IW?I <2,
we let P, be the concatenation of (s, R,) and a Hamiltonian y—w path of Gy \ {s;, v} for some
w ¢ W?. The Hamiltonian y—w path exists due to Lemma a) if m > 6, and due to Lemmaif
m =5 and |W§’| < 2. Finally, if m = 5 and IW?I = 3, it suffices to let P; be the concatenation of a
Hamiltonian s;—y path of G \ {v} and the reverse of R,. Note that |[W;| <3 if m = 5.

Case 2.2: v = sy and I, > 3. Suppose Wll = () for the first subcase. For some neighbor
w ¢ {s1,y} of u in Gy, there exists a Hamiltonian s;—y path in Gy \ {u, w} by Lemma a) if
m > 6, and by Lemma [18|if m = 5. Then, we let P, = (P,,u,w) and P, be the concatenation
of the s,—y path and the reverse of R,. Suppose IW?I < m — 4 for the second subcase. There
exists a 3-DPC[{(&, 2, 0), (51, 1,0), (5,2~ =3, W)} | Gy, 0] by the induction hypothesis, because
A fo+3<(m-1)-1and (i) fo +3+ |W?| < m — 1. Then, we let P, be the concatenation
of P, and the u-path of the 3-DPC, and let P; be the concatenation of (s, R,) and the y-path.
There remains a subcase where IW?I >m—3and |W11| >1l,ie., f=0,k=2, |W?| =m -3, and
IW]1| = 1. Let (s;, P, t,,w, P’, 51) be a Hamiltonian s,—s; path of Gy, where the length of (s, P, #,)
is I, — 1. (Note that I, < 2"~!.) Tt suffices to let P, = (s,, 5,, P, #,) and P, be the concatenation of
the reverse of (w, P’, s1) and a Hamiltonian w—¢; path of G| \ {s,} for some #; ¢ W1l~

Case 2.3: v = sy and I, = 2, i.e, s, = vand 5, = s1. By the choice of s,, we have IW}I <
m— f —k for every j € I \ {r}. The condition fj +k < m — 2 will be applied to this case (whereas
this condition has not been used so far in this proof). If k = 2, pick up a neighbor ¢, € V(Gy) of s,
such that (s,,t,) ¢ Fiand¢, ¢ er. Then, we let P, = (s,,t,) and P be a Hamiltonian s;—¢; path in
Go®G \(FU{s,,1,}) for some t; ¢ W,. The Hamiltonian path exists by Lemma[{a) if f < m-5,
and by Lemma[20]if f = m—4 (where |W,|,|W,| < 2). Note that f < m—4 because f; +k < m—2
and f; = f. Hereafter, assume that k > 3. If W} \ W] # 0, let t; be a vertex in W} \ W|. For
W, = Wh\ {1;}, there exists a k-DPC[{(t1, A, 0), (s,, L., W)} U {(s}, 1], W}.) s je L\ {r}}|Gy, Fi]l,
because (i) fl+k<(m-1)—-1,@G) A+k+W]|=fi+k+(m—-f—-k—-1) <m—1, and (iii)
h +k+|W]1.| <fitk+(m—-f—-k—-1)<m-1forevery j€ I\ {r}. Then, P; is obtained by
concatenating a Hamiltonian s;—w path of G¢, where w is the sink of the #;-path in the k-DPC,
and the reverse of the 7;-path. Now, we consider the case W! \ W! = 0, i.e, W} = W|. If
A = 2, there exists a k-DPC[{(w, A, W), (s, I, W)} U {(s}, 1, W}) :je I\ {r}}|Gy, Fi], where
we W, W, =W\ {w}, and W, = W/ \ {w}. The k-DPC exists because f; + k < (m—1) — 1 and
[Wil, W], IW}I <(m-1)- f—kforevery je I\ {r}. Then, we let P, be the concatenation of a
Hamiltonian s,—w path of Gy and the w-path in the k-DPC.

Finally, assume A = 1. We let ¢ € I; \ {r} be an index such that [, > [; for any j €
I\ {r}. Then, we have [, > ™' = A—=1)/(k—=2) > 2™ =3)/(m —4) > 5. There are
two subcases depending on the size of m. First, let m > 6. For l:] = I, + 1, there exists a k-
DPC[{(sq,l;, Wll)} U {(s;, 1}, W]'.) : j € I1 \ {qg}}| Gy, F1] by the induction hypothesis, as k; < k.

28



Let the s,-path in the DPC be (w1, ... ,wlq,wlﬁl), and let u = Wi—2, V = Wi 1, Y = W41 If
w, ¢ W;, it suffices to let P, = (wy,... ,wy,) and P, be the concatenation of a Hamiltonian
s1-y path of Go and the one-vertex path (y). Suppose otherwise, i.e., w;, € W,;. There exists a
neighbor w € V(Gy) of u such that w ¢ {s;,v} U Wg. Note that |W§| <m-— f—k < m-3because
wy, € W(;. Then, we let P, = (wy,..., Wi,-2, u,w) and P; be the concatenation of a Hamiltonian
s1—v path in Gy \ {#, w} and (Wi,-1, wi,, Wi +1). Now suppose that m = 5. It follows that f = 0 and
k = 3. Let t, be a neighbor of s, in G; such that ¢, ¢ {s,} U W!. Note that |Wy|, |W,], W, < 2.
Let P, = (s,,t,). By Lemma there exists a vertex w € V(Gy) \ ({s,, 1, 54} U Wll) such that
Gi \ {ss, t;, w} has a Hamiltonian cycle C. Then, we let P, be the concatenation of a Hamiltonian
s1—w path of Gy and the one-vertex path (w); P, is obtained by removing one of the two edges
on C incident to s, because Iqul <m— f —k = 2. The proof is complete. O

4.7. Case whenky=1and fi +k=m—1

This is the last exceptional case that was deferred from Section [3.3] The condition f; + k =
m — 1 is equivalent to that fj = fand f + k=m — 1, because fij+k < f+k<m-1.

Lemma 26. When kg = 1, fi = f, and f + k = m — 1, there exists a k-DPC[{(s;,[;, W;) : i €
I} Go® Gy, Fl.

Proof. It holds that fy = f, = Oand |W;| <m — f —k =1 for every i € I. Similar to the second
part of the proof of Lemma we will utilize a k;-DPC for the sources of S to construct the
desired k-DPC of Gy & G;. There are two cases.

Case 1: IW}I = 0 for every j € I). For I, = I, + A, there exists a k;-DPC[{(s, [, W})} U
{(s), 15, W})|j € I\ {2}}| Gy, F1] by the induction hypothesis, as k; = k — 1. Let the s,-path in
the k1-DPC be (v, va, ..., vlé), where s, = v, andlet x = v, and y = Vi, To obtain the desired
k-DPC, it suffices to construct an s;-path P, and an s,-path P,. Let P, = (vy,...,v,). If X # 51,
we let P; be the concatenation of a Hamiltonian s;—x path of G¢ and (vj,41,. .., vlé). If x = s
and A > 2 (where x # y), we let P, be the concatenation of (s1,vj,+1,. .., vzé) and a Hamiltonian
y—t; pathin Gy \ {s;} for some vertex #; ¢ W?. Finally, suppose x = s; and A = 1 (where x = y).
It follows that [, > (2" = A)/(k—1) > 2" ' = 1)/(m - 2) > 5. Foru = v;,  and v = v;,_1,
there exists a 3-DPC[{(u, 2, Wg), @, 2" =3, W?), (s1,1,0)} | Gy, 0] by the induction hypothesis.
It suffices to redefine P, as the concatenation of (vy,...,v,—2) and the u-path in the 3-DPC, and
let P; be the concatenation of (sy, Vi Vi, vi,—1) and the v-path.

Case 2: |W}| = 1 for some j € I,. The precondition of this case is very similar to that

of Part B of the proof of Lemma , inthat ky = 1, fi = f, and |W}| = m — f — k for some
j € I;. (Note that m — f — k = 1 in this case.) In fact, the two differ only in the value of f + k;
f+k =m—1inthis case, whereas f+k < m—2 in Part B. Fortunately, the condition f+k < m—2
is applied only to Case 2.3 when we prove Part B, so the proof of Part B excluding Case 2.3 may
be recycled. Refer to the second paragraph and Cases 1 through 2.2 of the proof of Lemma [25]
Thus, under the condition f +k = m — 1, we will provide an alternative proof for Case 2.3, where
s, =51, 1L =2, |W,1| =1, and |W}| = 0 for every j € I; \ {r}. First, suppose k = 2, implying
fi = m—3. Then, by Lemma@b), G\ Fi has a Hamiltonian cycle, (uy,uy, . .., U1, u;), where
sy = u;. At least one of uy and uyn-1, say uy, is not contained in W!. Let P, = (s,, uy). Assuming
w.L.o.g. that um-1 ¢ Wll, it suffices to let P; be the concatenation of a Hamiltonian s;—u3 path
of Gy and (u3, ..., um-1). Now, suppose k > 3. Let g be an arbitrary index in /; \ {r}, so that
W; = 0. For [, = I, + A, there exists a k;-DPC[{(s4, [}, Wll)} U{(s), 1, W}) cjehi\{gl} Gy, Fi]
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by the induction hypothesis. Let the s,-path in the k;-DPC be (v1,. .., vl;), where s, = vq, and let
x =vy,41. Then, it suffices to let P, = (vy,..., v;,) and P be the concatenation of a Hamiltonian
s1—x path of Gy and V155 v,;]). This completes the proof. O

5. Conclusion

In this paper, we have proved that every m-dimensional RHL graph is f,-fault k-path parti-
tionable in a strong sense for any f, > 0 and k > 1 subject to f;, + k < m — 1, where m > 4. The
proofs are constructive, so they may lead to an efficient algorithm for constructing a prescribed-
source-and-length disjoint path cover in an RHL graph with faults. Furthermore, the bounds m— 1
and m on fj, +k and f, +k+|W;|, respectively, are both the best possible. The techniques suggested
in this paper may be applicable to other interconnection networks including hypercubes.
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Fig. A.12: The graph G(8,4) \ V(P), where P is a vp-path with at most three vertices.

Appendix A. 3-Dimensional RHL Graph

In this section, we give proofs for Lemmas [3] [} [14] and [I6] which deal with the 3-
dimensional RHL graph G(8,4) shown in Fig. 2] Let G denote the graph G(8,4) and P be a
vo-path of G. We begin with the graph G \ V(P) obtained from G by deleting the vertices of P. If
P is a one-vertex path, G\ V(P) is isomorphic to the graph H, of Fig.[A-12|a). If P is a two-vertex
path, G \ V(P) is isomorphic to H5 of Fig. b), derived from P = (vg, v4), or isomorphic to
Hé’ of Fig. c), derived from P = (vg, v7). In addition, if P is a three-vertex path, G \ V(P) is

isomorphic to H{ of Fig. d) or H} of Fig. e).

Lemma 27. (a) The graph HS has a Hamiltonian ui—x path for each x € {uy,us,u;} and a
Hamiltonian u,—y path for each 'y € {uy, us}.

(b) The graph Hé’ has a Hamiltonian u,—x path for each x € {us, uq, ug} and a Hamiltonian usz—y
path for each 'y € {uy, ug}.

(c) The graph H? has a Hamiltonian u;—x path for each x € {u3, ug}.

(d) The graph Hg has a 2-DPC[{(s1, 11, 0), (52,15, 0)} | H2, 01 if 51 € {u1, us), 52 € V(Hé’) \ {s1},
and (I1,1) € {(3,3),(4,2)}.

Proof. The proof is by an immediate inspection. O

Proor oF LEemma Bl Due to the symmetric structure of G, we may assume w.l.o.g. that , < [,
sy = vy, and s1 € {v, s, v3, v4}. There are four cases depending on the length, I, of an s;-path P,.
If I, = 1, then G \ {2} (which is isomorphic to H;) has a Hamiltonian cycle, from which we can
extract an s;-path, P;, whose sink is not contained in W;. For the second case, suppose I, = 2.
If vy # 51 and W, # {v4}, it suffices to let P, = (vg,v4) and extract P; from the Hamiltonian
cycle of G \ V(P3), which is isomorphic to HS. If v4 = sy, then it suffices to let P, = (vo,v7)
or (vg,v), depending on whether v; ¢ W, or not, and find the desired Hamiltonian s,-path of
G \ V(P,) by Lemma mb). If Wy = {vs4} (and v4 # s1), we let P, = (vo,Vv7) for s; € {vq,v3}
and let P, = (vg,vy) for s; = vp; P can be constructed in G \ V(P;) by Lemma @b). For
the third case, suppose I, = 3. If W, # {vg}, we let P, = (vg,v7,V6) and extract Py from the
Hamiltonian cycle of G \ V(P,). Now, let W, = {vg}. If 51 = vy, it suffices to let P, = (vg, v4, Vs)
and extract P| from G\ V(P;) by Lemma@c). If 51 = vy, either {(vo, v4, v3), (V2, V1, Vs, Vg, V7)} OF
{(vo, V1, Vs), (2, V6, v7, V3, v4)} Will be the desired 2-DPC. If s; € {vs3,v4}, we let P, = (vg, vy, V2)
and extract P; from the Hamiltonian cycle of G \ V(P,). For the last case, suppose I, = 4.
If 51 = vy, either {(vo, v, v, v3), (v4, Vs, Ve, v7)} Or {(vo, V7, Vs, Vs5), (V4, V3, v2,Vv1)} is the desired
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2-DPC unless either W = {v;} and W, = {v3} or W; = {v;} and W, = {vs}, i.e., unless the
configuration is equivalent to the exception of this lemma. If s; € {v|,v,}, it suffices to extract P,
and Py, respectively, from the length-four cycles (vo, v7,v3, v, vo) and (vy, v, ve, Vs, vy). If 51 =
vs, P, and P; are extracted from pairwise disjoint cycles (vo, vi, Vs, V4, vo) and (v, v3, V7, Vg, V2).
This completes the proof. O

Proor oF Lemma [l Proof for (a): Assume w.l.o.g. that s, = vg and s; € {vy,v2, V3, v4}. First,
let (I1,) = (6,2). If 51 = vy, G\ V(P,), where P, = (vg,v4), has a Hamiltonian s;—x path for
x € {v2,Vvs,v7} by Lemma a) and, moreover, G\ V(P,), where P, = (v, v7), has a Hamiltonian
s1—y path for y € {v3, v4, v¢} by Lemma[27(b). Thus, the desired 2-DPC exists because |W;| < 3
and there are more than three possible sink positions of P;. The same argument applies to the
remaining cases. If s; = vp, G \ V(P,), where P, = (v, v4), has a Hamiltonian s;—x path for
x € {vi,v3}, and G \ V(P,), where P, = (vg,v;), has a Hamiltonian s;—y path for y € {v4, vs, v7}.
If s1 = v3, G\ V(P,), where P, = (vg,vs4), has a Hamiltonian s;—x path for x € {v,,vs,v7},
and G \ V(P,), where P, = (vg,v7), has a Hamiltonian s;—y path for y € {vi,v¢}. If 51 = v4,
G\ V(P,), where P, = (vy,v7), has a Hamiltonian s;—x path for x € {v{, v¢}, and G\ V(P;), where
P, = (v, v1), has a Hamiltonian s,—y path for y € {v,, v7}.

Now, let (I;,lr) = (5,3). If we let P, = (vo,v7,V6), then G \ V(P,) has a Hamiltonian
cycle, from which we can extract two Hamiltonian s;-paths whose sinks are different from each
other. It suffices to provide two more sink positions of P; other than the two obtained just
before. If s; = vy, G\ V(P;), where P, = (vg, V4, Vs), has a Hamiltonian s;—y path for y €
{vs,v6} by Lemmac). The desired 2-DPC exists because we have four possible sink positions,
{va,vs} U {vs,vg}, of Pi. If 51 = v, G\ V(P>), where P, = (v, v4,V3), has a Hamiltonian s;—v7
path, and G \ V(P;), where P, = (vy, vi, vs), has a Hamiltonian s;—v4 path. If s; = v3, G\ V(P»),
where P, = (v, Vi, v2), has a Hamiltonian s;—v; path, and G \ V(P;), where P, = (vo, v4, vs), has
a Hamiltonian s;—v; path. If s; = v4, G \ V(P,), where P, = (vo,v7,v3), has a Hamiltonian s;—y
path for y € {v;, vg}. The proof of (a) is complete.

Proof for (b): Assume w.l.o.g. that s; = vy and s, € {vi,vy,v3,v4}. If vg & Wy, it suffices
to let Py = (vg, v7,ve) and find a Hamiltonian s,-path in G \ V(P;). Also, if vs ¢ Wi, we let
Py = (vg,v4,vs) and P, = (v, vy, Vg, V7, v3) Or its reversal (v3, vy, vg, V2, V1) for s, € {v{,v3}, and
let Py = (vg,Vv1,Vvs) and P, = (v, vg, V7, V3, V4) Or its reversal for s, € {v,, v4}. There remains the
case where Wl = {V5,V6}. If S2 = Vi, We have P1 = (V(),V7,V3) and P2 = (V],Vz,VG,V5,V4). If
sy = vy, we have Py = (v, w4, v3) and P, = (v2, V1, Vs, Vs, v7). Finally, if 55 € {v3, v4}, it suffices to
let Py = (v, Vv1, ) and find a Hamiltonian s,-path in G \ V(P;), which completes the proof for

(b). O
Proor oF LEmMA [I4l Proof for (a): We assume w.lo.g. that (x,y) = (vo,v4) or (v, v7).
First, let (x,y) = (vo,v4) and assume further that s = vy and ¢t € {vi,v,v3,4}. For

each ¢, there exists a Hamiltonian s—¢ path in G \ F as follows: (vg, vy, Vs, Vs, V4, V3, V2, V1),
(vo, V1, Vs, V4, V3, V7, V6, V2), (Vo, V7, Ve, V2, V1, Vs, V4, v3), and (vg, vi, V2, V3, V7, Ve, Vs, V4). Second,
let (x,y) = (vo,v7) and assume further that s = vo. Then, G \ F has a Hamiltonian
cycle, (vo,vi,v2,V3,V7,V6, Vs, V4, V), from which we can extract a Hamiltonian s—¢ path for
each t € {vi,n}. For each of the remaining ¢, G \ F has a Hamiltonian s—¢ path, as
shown below: (VQ, V4, V3, V7, V6, V5, V1, Vz), (V(), V4, Vs, V1, V2, Ve, V7, V3), (Vo, V4,V3,V7,V6, V2, V1, V5),
(Vo, V4, Vs, V1, V2,V3,V7, V), and (v, Vi, V2, V3, V4, Vs, Ve, V7).

Proof for (b): Recall that G\ {vo} is isomorphic to H, shown in Fig.[A.T2((a). The graph G\{v,}
has a (unique) Hamiltonian cycle, C = (vs, v4, vs, V1, V2, Vs, V7, v3), from which a Hamiltonian s—
t path can be extracted if (s,7) € E(C). For each of the remaining pairs of s and ¢, we will
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construct a Hamiltonian s— path. First, let s = v4. It suffices to consider ¢ € {v, v} due to the
symmetry, where we have (v4, vs, Vg, V7, V3, V2, v1) and (v4, v3, v7, V6, V5, V1, V2). Second, let s = v;
and ¢ € {v4,v7}. For t = vy, the desired path is the reverse of the aforementioned Hamiltonian
v4—v1 path; for t = v;, we have (v{, vy, vg, Vs, V4, V3, v7). Third, let s = v, and # = v4. The desired
path is the reverse of the Hamiltonian v4—v; path. Finally, let s = v3. We have nothing to prove,
as the desired Hamiltonian paths are obtained from C. Therefore, the lemma is proved. O

Proor oF Lemma [T6l First, let (I, 1,53) = (3,3,2). Assume w.l.o.g. that s3 = vy. If {v(,v7} =
{s1, 52}, we have a 3-DPC {(vo, v4), (i, V2, V3), (v7, Ve, v5)}. If [{vi, v7} N {51, 82}l = 1, say 51 = vy,
it suffices to let P3 = (v, v7) and find s;- and s,-paths in G \ V(P3) by Lemma d). Now, we
have {vi,v7} N {sy, 52} = 0. If {vo, v} N {s1, 52} # 0, say s; = vy, it suffices to let P3 = (vg, v1)
and apply Lemma [27(d) again to G \ V(P3). There remain only two cases up to symmetry:
If {s1,s2} = {v3,vs}, we have {(vo,v4), (v3,v2,v1),(v5, Vs, v7)}; if {51,582} = {v3,v4}, we have
{(vo, v7), (v3,v2, V1), (V4, Vs, V).

Second, let (11,65, 13) = (4,2,2). Assume w.l.o.g. that s; = vy. If {v;,v2} = {52, 53}, we have a
3-DPC {(vo,v7,v3,v4), (v1,5), (v2, ve)}. If [{vi, va}Nisz, 3}l = 1, say 53 € {vi, 2} and 55 ¢ {v1, 12},
it suffices to let P3 = (v1, v;) or its reversal and find s;- and s,-paths in G\ V(P3) by Lemmad).
A 3-DPC can be constructed symmetrically if |{vg, v7} N {52, s3}] > 1. Now, we have 55,53 €
{v3,v4,vs}. Then, there remain only two cases up to symmetry: If {s,, s3} = {v3,vs}, we have
{(vo, V7,6, v2), (V3,v4), (vs, v1)}; if {2, 83} = {v4, vs5}, we have {(vo, v7, Ve, v2), (v4,v3), (v5, V1))

Finally, let (/1,15,15) = (5,2, 1). Assume w.l.0.g. that 53 = vy. The graph G\ {s3} is isomorphic
to H, of Fig. @Ka), so it suffices to prove that there exists a 2-DPC[{(s, 5, 0), (s2,2,0)} | H;, 0]
for any s; and s,. Suppose s; € {ua,us,u;,u,} due to the symmetric structure of H;. The
graph H; has a Hamiltonian cycle, C = (us, uq, us, u;, us, g, 47, u3), from which the desired
2-DPC can be extracted if (s1,5,) € E(C) or if (s1,u;),(s2,u;) € E(C) for some u; € V(C).
Then, there remain four cases up to symmetry: (i) If s; = w4 and s = up, we have a
2-DPC {(ug4, us, ug, u7,u3), (ur,uy)}. (i) If sy = wus and s» € {ug,u;}, we have a 2-DPC
{(us, uy,ur, us3,uy), Pr}, where Py = (ug,u7) if 5o = ug; P> = (u7,ug) otherwise. (iii) If 57 = uy
and s, € {u7,us}, we have a 2-DPC {(uy, uy, ug, us, us), P,}, where P, = (u7,us) or its reversal
depending on whether s, = u7 or not. (iv) If 51 = up and s, € {us,uq4}, we have a 2-DPC
{(uo, uy, us, ug, u7), Po}, where P, = (u3, uy) or its reversal depending on whether s, = u3 or not.
This completes the entire proof. O
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