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Abstract

A paired many-to-many k-disjoint path cover (k-DPC for short) of a graph
is a set of k disjoint paths joining k distinct source-sink pairs that cover all
the vertices of the graph. Extending the notion of DPC, we define a paired
many-to-many bipartite k-DPC of a bipartite graph G to be a set of k disjoint
paths joining k distinct source-sink pairs that altogether cover the same number
of vertices as the maximum number of vertices covered when the source-sink
pairs are given in the complete bipartite, spanning supergraph of G. We show
that every m-dimensional hypercube, @.,, under the condition that f or less
faulty elements (vertices and/or edges) are removed, has a paired many-to-many
bipartite k-DPC joining any k distinct source-sink pairs for any f and & > 1
subject to f+ 2k < m. This implies that Q,, with m — 2 or less faulty elements
is strongly Hamiltonian-laceable.

Keywords: Disjoint path cover, hypercube, fault-tolerance, strongly
Hamiltonian-laceability, graph theory.

1. Introduction

Finding node-disjoint paths is one of the most important issues in various
interconnection networks, which is concerned with routing among nodes and
embedding of linear arrays. Node-disjoint paths can be used as parallel paths
to avoid congestion and provide fault-tolerance. Also, each of the node-disjoint
paths can be utilized in its own pipeline computation. Interconnection networks
are usually modeled as graphs, in which vertices and edges respectively corre-
spond to nodes and links. In the rest of this paper, we use standard terminology
in graphs (See [1]).
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Let G = (V, E) be a simple graph. Paths are disjoint if they share no vertices.
Let S = {s1,52,...,8k} be the set of k sources and T = {t1,t2,...,t;} be the
set of k sinks such that ST C V and SNT = (. Many-to-many k-disjoint
paths joining S and T are k disjoint paths P, P, ..., Py such that each P; runs
between s; and t,(;), where ¢ is a bijection on {1,2,...,k}. They are called
paired if ¢(i) = ¢ for every i. Otherwise, they are called unpaired. Generally,
sources and sinks are called terminals.

A many-to-many k-disjoint path cover (k-DPC for short) joining S and T
in G is a set of many-to-many k-disjoint paths joining S and T that cover all
the vertices of G. A graph G is called many-to-many k-disjoint path coverable
if |V| > 2k and there exists a many-to-many k-DPC joining S and T for any
pairwise disjoint S and T. For other kinds of DPC, readers are referred to
[18, 19]. The k-DPC problem, originated from the community of interconnec-
tion networks, is concerned with applications where the full utilization of nodes
is important [18]. Every paired many-to-many k-disjoint path coverable graph
is Hamiltonian-connected for any & > 1 [18], i.e., every pair of vertices is joined
by a Hamiltonian path. The existence of Hamiltonian paths and cycles is of cru-
cial importance in parallel computing, since they are used in many distributed
algorithms and they admit paths of various lengths.

However, no bipartite graph except for the complete graph on two vertices
is Hamiltonian-connected. This stems from the nature of bipartite graphs that
vertices of different balances appear alternatively in a path. For a bipartite
graph G = (V, E) with the bipartition V = V® U V", where the vertices of V®
are referred to as black and the vertices of V* as white, let 8(u), the balance of a
vertex u, be —1 if u is black; 1 if u is white. We further define the balance of an
edge as zero and the balance of a vertex pair (s,t) as 3((s,t)) = (8(s) +5(t))/2.
To describe Hamiltonian properties of bipartite graphs, the concept of strongly
Hamiltonian-laceability was introduced, as found in [11, 17]. A bipartite graph
with a fault set F' is said to be strongly Hamiltonian-laceable if every fault-free
vertex pair (s, t) is joined by a path of G'\ F' that contains |V \ F| —|B(V \ F) —
B((s,t))| vertices. Here, G\ F is the resultant graph by removing all the faulty
elements of F' from G, and B(X) = > _ f(x) for a set X of graph elements
(vertices and edges) and vertex pairs.

As a consequence, no bipartite graph is paired many-to-many k-disjoint path
coverable for any fixed k > 1 either, with the unique exception of the complete
graph on two vertices for Kk = 1. A question regarding the upper bound on
the number of vertices that can be covered by paired many-to-many k-disjoint
paths in bipartite graphs then naturally arises. The tight upper bound can be
established in terms of V, F, and K as follows, where K denotes the set of
source-sink pairs, i.e., K = {(s;,t;) : 1 < i < k}. Many-to-many k-disjoint
paths joining S and T altogether may cover at most |V \ F|—|8(V\ F) — 8(K)|
vertices (as shown in Lemma 1 of the next section). Hereafter, let 8(V, F, K)
or simply 8(G) denote |(V \ F') — B(K)|. This motivates us to define a many-
to-many bipartite DPC (BiDPC for short) as a set of many-to-many disjoint
paths that pass through the same number of vertices as the upper bound.



Definition 1. Given a set of k sources S = {s1,82,...,8:} and a set of k
sinks T = {t1,t2,...,tx} in G\ F such that SNT =), a paired many-to-many
bipartite k-DPC joining S and T is a set of fault-free disjoint paths P; joining
s; and t;, for 1 <i <k, that cover |V \ F| — B(G) vertices of G\ F.

Definition 2. A bipartite graph G is f-fault paired many-to-many k-bicov-
erable if |V| > f + 2k and there exists a paired many-to-many bipartite k-
DPC joining S and T in G\ F for any F, S, and T such that |F| < f,
IS|=|T|=k>1, and SNT = 0.

A bipartite graph is paired many-to-many 1-bicoverable, by definition, if
and only if it is strongly Hamiltonian-laceable. The unpaired many-to-many
bipartite k-DPC and f-fault unpaired many-to-many k-bicoverable graph can
be defined analogously. Notice that a many-to-many k-DPC becomes a many-
to-many bipartite k~-DPC, and the converse holds true if and only if 5(G) = 0.

The Hypercube is one of the most popular interconnection networks possess-
ing many attractive properties such as regularity, symmetry, small diameter, etc.
The m-dimensional hypercube @Q,, is a bipartite graph with 2™ vertices. It was
shown by Gregor and Dvorék [7] that @, has a paired k-DPC if 2k —e < m
and B(G) = 0, where ¢ is the number of source-sink pairs that form edges of
Qm- Let fU denote the number of faulty vertices and let f¢ denote the num-
ber of faulty edges. In the presence of faulty vertices, Dvordk and Gregor [6]
showed that @,, \ F has a paired k-DPC when f¢ =0, 3f + 2k < m — 3, and
B(G) = 0. Chen [4] proved that, in the presence of faulty edges, @, \ F has a
paired k-DPC if f¥ =0, f¢ 4 2k < m, and B((s;,t;)) = 0 for every 1 < i < k.
Unpaired many-to-many disjoint paths were studied in [3].

The problem of embedding long paths and cycles in faulty hypercubes has
attracted much attention in the literature. For path embedding, @, \ F is
strongly Hamiltonian-laceable if f¥ =0 and f¢ <m —2 [20], and Q,, \ F has a
path joining a pair of vertices s and ¢ that covers at least 2™ — 2f¥ — |5((s,t))|
vertices when f¢ = 0 and f¥ < m—2 [10]. For cycle embedding, Q., \ F' contains
a cycle of length at least 2™ — 2f¥ if f¢ < m —4 and f¥ + f¢ < m — 1 [24],
or if f¢ =0 and f¥ < 2m — 4 [9]. These problems have been also studied in
[8, 21, 23] under the so-called conditional fault model. For more discussion on
the Hamiltonian paths/cycles in hypercubes, refer to, for example, [12, 13].

In this paper, we prove that @,, is f-fault paired many-to-many k-bicover-
able for any f and k > 1 subject to f + 2k < m. This is a generalization of
previous works on the paired DPC problem on faulty hypercubes [4, 6] in that
hybrid faults are tolerated, the bound f + 2k < m is expanded, and the case
when 3(G) # 0 is also taken into account. Furthermore, our result for k = 1 is
equivalent to @, being (m — 2)-fault strongly Hamiltonian-laceable, which im-
plies that @Q,, \ F' contains a cycle of length 2™ —2max{ f°, f*} when f < m—2,
where f? and f* respectively are the numbers of black and white faulty vertices.
The strongly Hamiltonian-laceability is an improvement of the aforementioned
results in [10, 20]. The length 2™ — 2max{f?, f*} of a cycle is the longest in
the true sense, and is also greater than the length 2™ — 2f% = 2™ — 2(f% 4 fv)
of [9, 24] when f°, f* > 1.



This paper is organized as follows: Section 2 gives preliminaries. In Section 3,
we present some basic construction methods for bipartite disjoint path cover.
These methods are applied to give a constructive proof of our main theorem in
Sections 4 and 5. Section 6 presents the conclusion.

2. Preliminary

We begin with the upper bound, mentioned in the previous section, on the
number of vertices that can be covered by paired many-to-many k-disjoint paths.
Let G = (V, E) be a bipartite graph with the bipartition VU V*. An s-t path
denotes a path joining two vertices s and t.

Lemma 1. Let P be a set of paired many-to-many k disjoint paths joining
S = {s1,82,...,8k} and T = {t1,ta,...,tx} in G\ F such that SNT = 0.
Then, (a) P covers at most |V \ F|+ B(K) white vertices and at most |[V°\ F|
black vertices when B(V\F) > B(K), (b) P covers at most |V \ F| white vertices
and at most |[V¥ \ F| — B(K) black vertices when B(V \ F) < B(K), and (¢) P
covers at most |V \ F|— B(G) vertices in total, where §(G) = |B(V\ F)— B(K)|.

Proof. If each s;-t; path in P covers n% white vertices and n? black vertices,
then n? = n® + B((si,t;)). Summing up the equalities over all 1 < i < F,
it follows >, n¥ = >, nb + B(K). Plugging this into >, n¥ < [V* \ F| and
>, n? < |VP\ F| results in the following:
S nd < minf|V\ Fl, VP F| + B(K))
> n <min{|VP\ F|[V*\ F| - 5(K)}
Since B(V \ F) = |[V¥\ F| — |[V®\ F|, the two inequalities above lead to (a) and
(b). If B(V \ F) > B(K), then, by (a) of this lemma,
om0l < (VP FI 4 B(K)) + VP F
= (VP\ F|+ B(K)) + (V" \ F| = B(V \ F))
=[VAF| = (B(V\F) - B(K)) = [V\F|-B(G).
If B(V \ F) < B(K), then, by (b) of this lemma,

S ol 4> 0l < |VUNF| 4 (VY F| - B(K))
= ([VP\Fl+B(V\ F)) + (V¥ \ F| - B(K))
= |[V\F|+ (B(V\F) - B(K)) = |V\F| - B(G).

Thus, the statement (c) was also proved. O

Corollary 1. If P of Lemma 1 is a paired many-to-many bipartite k-DPC,
then (a) P covers exactly |V®\ F| + B(K) white vertices and |V®\ F| black
vertices when S(V \ F) > B(K), (b) P covers exactly |V \ F| white vertices
and |[V¥\ F| — B(K) black vertices when S(V \ F) < B(K), and (c) P covers
exactly |V \ F| white vertices and |V°\ F| black vertices when B(V\F) = B(K).



According to Corollary 1, the fault-free vertices that are not covered by P
are all white when B(V'\ F) > B(K), and are all black when (V' \ F) < S(K).
Notice that 5(G) is the very number of vertices that are not covered by P.
Therefore, P becomes a paired many-to-many k-DPC if and only if 3(G) = 0.

Each vertex of an m-dimensional hypercube @Q,, is represented by a binary
string in {0,1}™, and two vertices u and v are joined by an edge uv € E if
they differ in exactly one bit position. Hereafter, we use G = (V, E) with the
bipartition V® U V¥ to denote Q,,. Let G, = (V,, E,) be the subgraph of G
induced by V,,, where V,, is the set of binary strings (of length m) prefixed with
p. We denote by I(p) the length of a binary string p. Then, G}, is isomorphic to
Qm—i(p)- When p is equal to the empty string €, we usually omit the reference
to p for consistency. In addition, we let Vpb =V, NV’ and V)l =V, NV It
I(p) <m, then V, = Vo UV, and E, = Epg U Ep1 U Epa, where Ep is the set
of edges between G, and Gp1, i.e., Epg = {uv € E, : u € Vyo,v € Vj1}. Epe is

further decomposed into EZ’;’ and E;‘)Q’b, where EZ’Qw is defined as {uv € Eps :

ue Vh,veVy}and E;UQ’b is defined similarly.

In this paper, a unit refers to a vertex, an edge, or an ordered pair of vertices.
We represent an edge joining u and v as uv, and an ordered pair of v and v
as (u,v). For a set of units X, we denote by X, the set of units in X that
are contained in Gy, ie.,, X, = X N (V, UE, U (V, xV,)). If [(p) < m, then
Xp = Xpo U Xp1 U Xpo, where X0 is defined as X, \ (Xpo U Xp1). Also, the
units can be classified according to their balances. For a set of units X, we use
Xb X% and X° to denote {r € X : B(x) = —1}, {x € X : B(x) = 1}, and
{x € X : B(x) = 0}, respectively. That is, X° is the subset of black vertices
and pairs of black vertices, X is the subset of white vertices and pairs of white
vertices, and X° is the subset of edges and pairs of different colored vertices,
Thus, X = X?UX*UX°. Moreover, we let Xp=XpNXand X, = XppNXC,
where ¢ € {b,w, o}

For the fault set F' and the set of source-sink pairs K, we follow the same
notation of X, X, and X7 described above, since F' and K are also sets of units.
For example, Fy is the set of faulty elements in Gy, F? is the set of black faulty
vertices, F'° is the set of faulty edges, and Fy, = FNFE5. Thus, F = FoUF| UF,
and F = FPUFYUF®°. Also, we have K = KoUK UK and Ky = K¥UKSUKS.
Here, K3 is the set of vertex pairs (s, t) such that (s,t) € (Vo xV1)U(Vi xVp) and
B((s,t)) = 0. To distinguish which vertex of (s,t) € K9 is black (or white), we
further define K2 = KgN ((VE x Vi*)U (Vi x V). K¥* is defined similarly,
thus K§ = Kg’w U K;”’b. To represent the cardinalities of these sets, we use
lower case letters such as f = |F|, f® = |F?|, f& = |F¥|, k = |K|, ks = | K|,
and k5" = |K5™|.

For a set of units X, let U(X) = (X N(VUE))U{x,y: (z,y) € X}. We say
two sets of units C' and C” are disjoint if U(C') and U(C") are disjoint. A vertex
v is free with respect to X if v ¢ U(X), and an edge uv is free with respect to
X if u,v,uv ¢ U(X). A vertex or an edge is simply said to be free if it is free
with respect to SUT U F.

A set of ordered pairs of vertices C' = {(u;,v;) : 1 < j <1} is called a ui-v;



chain if its members can be ordered to form a sequence (u;,, v;, ), (Uiy, Viy)y - - - s
(i, ,v;,) such that v;,u;, ., forms an edge for every 1 < j < I; such edges v;;u;,
are called linking edges. If there exists a uj;-v; path for every j, then a ui-v;
path can be constructed by merging the u;-v; paths with the [ —1 linking edges.
A set C of vertices and/or ordered pairs of vertices is also called a uq-v; chain if
(" is a uz-v; chain, where C' = {(u,v) : (u,v) € C}U{(w,w) : w € C}. A uz-v,
path can be obtained if there exists a u;-v; path for every j such that u; # v;.

A wuq-v; chain is closed if uyv; forms an edge. Especially, we regard that
uyvy is also a linking edge of a closed wi-v; chain. A wuj-v; chain C is free
if every vertex of U(C) (except u; and v;) is free and all of its linking edges
are also free. A free chain C is simple if its members share no vertex, i.e.,
{wi,v;} N {u;,v;} =0 for any (u;,v;), (uj,v;) € C; {u;,v;} N{w} = O for any
(us,v;),w € C; and w # w’' for any w,w’ € C. We write C' >~ (uy,v;) if C is
a free and simple ui-v; chain. If C' = {(u1,v1), (u2,v2),..., (u;,v;)} is a simple
u1-v; chain such that v;u 14 is a linking edge for every 1 < j <[, then

l -1
B(0) = 3 Al(ug ) = 24 PO S (0 p00)) = B((ur ). (1)

Jj=1 Jj=1

We list some works from the literature on paired DPC and strongly Hamil-
tonian-laceability of the hypercube @Q,, in the following. They will be utilized
for our construction of paired many-to-many bipartite DPCs in Q.

Lemma 2. [2, 5, 15] Q. without faulty elements has a paired 2-DPC joining
S and T if m > 3 and B((si,t:)) = 0 for each i € {1,2}, or if m > 4 and
B(K) = 0.

Lemma 3. [7] Q.. without faulty elements has a paired k-DPC joining S and
T if B(K) =0 and 2k — e < m, where e is the number of source-sink pairs that

form edges of Q..

Lemma 4. @, with fault set F is strongly Hamiltonian-laceable if f* =0 and
fe<m—2[20], orif f* <1 and f*+ f*<m—2 [14].

3. Construction of Paired Many-to-Many Bipartite DPC in Q,,

We present basic approaches for constructing a paired many-to-many bi-
partite DPC in an m-dimensional hypercube Q,,. We denote by (f’-fault
k'-)BiDPC[K'|G', F'] a paired many-to-many bipartite k’-DPC of a bipartite
graph G’ with the fault set F’ joining a set of source-sink pairs K’, where
/' = |F'| and ¥’ = |K’|. Recall that G is an equitable bipartite graph, i.e.,
|Vt = |V¥| = 2™~ It follows B(V\F) = —B(F) and B(G) = |- B(F) - B(K)|.
Without loss of generality, we assume S(F)+ S(K) > 0; otherwise, it suffices to
recolor all black vertices in white and vice versa. Thus,

B(G) = B(F) + B(K) > 0.
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Figure 1: Divide-and-conquer approach.

Given a set of faulty elements F', a set of sources S = {s1, s2,..., Sk}, and
a set of sinks T = {¢1,ta,...,t;} in G, we construct f-fault k-BiDPC[K|G, F].
From Corollary 1, the BiDPC covers all of the white fault-free vertices and
leaves B(G) black fault-free vertices not covered. We state our main theorem as
follows, which will be proved hereafter in this paper.

Theorem 1. An m-dimensional hypercube Q,,, m > 2, is f-fault paired many-
to-many k-bicoverable for any f and k > 1 subject to f + 2k < m.

The proof will proceed with induction on m. The proof for m = 2 is trivial,
and the proof for m = 3 is due to Lemma 4. Let m > 4. We assume, as the
induction hypothesis, that @, with 2 < m’ < m is f-fault k-bicoverable for
any f and k > 1 with f + 2k < m/.

Divide-and-conquer will be a natural approach to construct a BiDPC of
G. That is, we divide G into subcubes, find a BiDPC in every subcube, and
merge the BiDPCs of subcubes into a BiDPC of G. For example, suppose
that we are given F = {21,292, 23,24} and K = {(s1,t1), (s2,t2)}, as shown
in Figure 1, where 8(G) = 1 and G is divided into subcubes Gy, Go1, and
G1. If we select inter-subcube edges ujus, usuy, and usug as linking edges, we
then obtain an s;-t; simple chain C[1] = {(s1,u1), (u2,us), (u4,us), (us,t1)}-
Similarly, selecting inter-subcube edges v1vo and wsto results in an so-to simple
chain C[2] = {(s2,v1), (v2,v3),t2}. The two chains are disjoint. Let R = C[1] U
C[2]. Then, we have Ropy = {(s1,u1),(s2,v1),t2}, Ro1 = {(u2,u3), (us,t1)},
and R1 = {(U4, U5), (UQ, ’Ug)}. If there exist BIDPC[ROO \ {t2}|G00, FOO U {tg}],
BiDPC[Ro1|Go1, Fo1], and BiDPC[R;|G1, F1], then we can construct a BiDPC
of G, namely P, by merging the three BiDPCs of subcubes with the selected
linking edges. Notice that only one fault-free vertex, a member of V{;, is not
covered by P.

The idea described above is formalized as a lemma. For a set of binary
strings P, we say a unit set X is P-separated if every element of X is contained
in G, for some p € P, i.e., X =J,cp Xp. We denote F(X) =X N(VUE) and
KX)=XnNn(VxV),s0oX=FX)UK(X).



Lemma 5 (Merging Lemma). Let P be a set of binary strings such that {V), :
p € P} is a partition of V. Suppose that there exist k chains C[i], 1 < i < k,
such that

(a) C[i] = (si,t;) for each i, and C[i] and C[j] are disjoint for each i # j,
(b) R is P-separated, where R = Ule Cil,

(c) for eachp e P, 0 < B(F,UR,) < B(G),

(d) for eachp e P, K(R,) # 0, and

(e) for each p € P, there exists BiDPC[K(R,)|Gp, Fp U F(Ry)].

Then, there exists k-BiDPC[K|G, F].

Proof. Let P,=BiDPCIK(R,)|Gp, F, U F(Rp)] for p € P, and let P = |J,cp Pp.
By (b), P is a set of disjoint paths joining each element of K(R). The existence
of P is guaranteed by (e). Hence, by (a), we can find fault-free paired many-
to-many disjoint paths joining S and T' by merging vertices of F(R) and paths
in P using linking edges. We claim that it is a desired BiDPC. It will suffice
to show that F(R) and P together cover all the fault-free vertices except B(G)
black ones. By (c¢) and (d), F(R,) and P, together cover all the free vertices of
V, except B(F, U R,,) black ones in V,, (see Go1 of Fig. 1). From (1), we obtain
B(R) = Zle B((s;,t;)) = B(K). Thus, the number of free vertices that are not
covered by P is:

Y B(F,UR,) = B(F) + B(R) = B(F) + B(K) = B(G).
peP

Therefore, we have the claim. O

We are to find chains joining source-sink pairs satisfying the Merging Lemma,
Lemma 5. Hereafter in this section and in the next section, we consider a
partition of GG into two subcubes Gy and (; that are isomorphic to @Q.,,—1.
That is, we consider P = {0,1}. For a vertex u, let N(u) denote the set of
neighbors of v and let @ denote the unique member of N(u) N Vi_,, where
p € {0,1} is such that v € V,,. We say that @ is u’s mate. For a binary string p,
we define the following two functions.

h;(K, F) = ﬁ(FPO U KpO) - (k’fﬁ + kf;éw + B(Fp U Kp))
ho (K, F) = =B(Fpo U Kpo) — (ki + kys”)
We omit the subscription if p = e. We will abbreviate h* (K, F) and h*(K, F)
respectively as h*(G) and h®(G) for simplicity. From B(G) = B(Fy U Ko) +
B(F, U K;) + k¥ — k5, we obtain the following representations.
h*(G) = B(Fo U Ko) — (K + k3™ + B(G))
= —B(FLU K1) — (k' + k™)
W (G) = —B(Fy U Ko) — (k3 + k5") (4)
= B(F UKy = (k) + K5") = B(G)

—~ o~
w N
=



Note that h%(G) > 0 and h®(G) > 0 cannot occur simultaneously since
hY(G) + h*(G) = —ky — B(G) < 0. We claim that we can assume h*(G) < 0
without loss of generality. If h®(G) > 0 (h*(G) < 0), then we consider an
automorphism of G that exchanges Gy and (G1, i.e., a mapping of every vertex
to its mate while preserving its color. (Due to the assumption of S(G) > 0,
it is necessary to keep the color of every vertex.) Let K and F be images
of K and F under the mapping, respectively. Then, the problem of finding
k-BiDPC[K|G, F] is equivalent to the problem of finding k-BiDPC[K|G, F].
Hence, it will suffice to show that h’(K,F) < 0. From these definitions, we
obtain

W(K,F) = —B(Fy U Ko) — (|KY| + |E3"))
= —B(FLUK1) — (k¥ + k5™) = h(G). (5)

Since h*(G) < 0, the claim is proved. Similarly, we obtain

(KL F) = B(Fy U Ko) = (IK3] + [K3™]) = B(G)
= BFLUKY) = (K3 + k5™") = B(G) = h*(G). (6)
Throughout this paper, we assume
r*(G) < 0.
Then, there are two cases depending on whether 2" (G) < 0 or not.

3.1. Constructions for h**(G) <0 (h*(G) <0)

Hereafter in this paper, we assume Ko = {(s;,t;) : 1 <i < ko}, so KoUK, =
{(si,t;) : k2 < i < k}. Furthermore, we assume s; € V; for every (s;,t;) € Ko;
otherwise, it suffices to switch the roles of s; and ¢;.

To prove Theorem 1, we distinguish four subcases. The first two are handled
in this section, and the remaining two will be handled in Section 4.

1. For each p € {0,1}, kp + ko > 1 and f, +2(kp + ko) <m — 1.

2. For some p € {0,1}, kp, = ko =0, fi_p+2ki_p <m—1, and f, <m—3.

3. For some p € {0,1}, kp + ko > 1 and f, + 2(kp + k2) = m.

4. For some p € {0,1}, kp = ko =0, fi_p+2k1_p, <m—1,and f, =m —2.
Case 1. For each p € {0,1}, kp + ko > 1 and f, + 2(kp + k2) < m — 1.

We build a {0,1}-separated simple s;-t; chain {(s;,u;), (@;,t;)} for each
(siyt;) € Ka, where u;u; is a free edge in Es.
Procedure BiDPC-A(G, K, F) (See Fig. 2a.)
/* Build chains C[i] = {(s;, w;), (d@;,t;)} for 1 <14 < ko and C[j] = {(s;,t;)} for
j> ke R=UL, Cl). */

1. Select ko free edges u;u; for 1 < ¢ < kg such that u; € V and

(a) Case —h*(G) — B(G) < 0: wyu; € EX" for each 1 <i < ko.



(b) Case —h®(G)—B(G) > 0: —h?(G) ones are from E2™ and —h*(G)—
B(G) ones are from EY"’.

2. Find BIDPC[K(R())‘G(),F()] and BIDPC[K(R1)|G1,F1], and merge them
using the linking edges u;w; for 1 < i < ko.

Lemma 6. Suppose h’(G) <0, f+ 2k <m, and m > 4. Then, (a) there exist
ke free edges in ES" if —h*(G) — B(G) < 0 and (b) there exist —hb(G) free
edges in ES" and —h"(G) — B(G) free edges in EX" if —h*(G) — B(G) > 0.

Proof. Let n; be the number of faulty vertices and terminals in V7, where
¢ € {b,w}. For example, n = f& + 2kb + kg + kb + k5™ and n¥ = f* 4 2k¥ +
kg + kY + k5.

To prove (a), it suffices to show fa +nfd + n¥ + ko < 2m~2. Notice that the
number of non-free edges in E5™ is at most fo +nf 4+ n% and that 272 is the
cardinality of EY™. Since n = (f + k3 + k5 + k™) + (k) + k§) and —h*(G) —
B(G) = (fo+ kS + k5 + k5™) — (f& + k&), the inequality —h*(G) — B(G) <0
can be rewritten as f§ + k% + kS + kY < f& + k. Hence,

ng = (o + kg + k5 +k5") + (g + k) < (fg + k&) + (kg + k) < fo+ ko.
Since n{’ < f1 +2k; + ko and f+ 2k <m < 2m=2 it follows
fotng+ny +ky < fot (fo+ ko) + (f1+2k1 + ko) + k2 < f+2k <m <2772
To prove (b), we show the following:
fotnb+n¥ —h(G) < f+2k<m<2m2 (7)

fa+ng +n] —h*(G) = B(G) < f+2k <m <2"72 (8)

Notice that fo +n§ +n¥ +nb +n < f + 2k. From (4) and (2), we obtain
—hP(G) = [ + kY + Ry + k" — f§ — K < nf and —h"(G) - B(G) = f§ +
kb 4+ kY + k5™ — f — k¥ < nf. By plugging them into (7) and (8), we deduce
(b). O

Lemma 7. Suppose f + 2k < m, m > 4, h®(G) < 0, and h*(G) < 0. Also,
suppose ky + ko > 1 and fp, + 2(kp + ko) < m — 1 for any p € {0,1}. Then,
Procedure BiDPC-A constructs BiDPC[K|G, F].

Proof. Tt will suffice to show that every condition of the Merging Lemma is
satisfied. Conditions (a) and (b) are trivial from the construction. Notice that
they imply S(Fy U Ry) = B(G) — B(Fo U Rp). Thus, to prove (c), it suffices
to show 0 < B(Fy U Rp) < B(G). We observe B(Fy U Ry) = B(Fy U Ko) + «,
where o = (k¥ + k2" — kS — k5™)/2 + B(U)/2, where U = {u; : 1 < i < ky}.
We distinguish two cases. Suppose for the first case that —h"(G) — B(G)
0. Since A" (G) < 0, it follows —f(G) < h*(G) < 0. From B(Fy U Ry)
B(FoU Ko) — (k5 4+ k™) = h*(G) + B(G), we conclude that 0 < 8(Fy U Ry) =

A

10



7 o Go OIO t =4 6;( 51 4
x 5t X Bon o u oA
So U v to )4 e . q
uy U2 O U3 o4

p-O\_O 6 16

U@ Ux@ Uz @ , , T2 2 T1Q 4
% % % u oV x

(),( S2O™N_® L2
71

Gy tr ta 3 G

(a) BiDPC-A (b) BiDPC-B (c) BiDPC-C

Figure 2: Illustrations of procedures in Section 3.

h*(G) + B(G) < B(G). Suppose for the second case that —h”(G) — B(G) > 0.
Because (U) = —2B(Fy U Ko) + (—k¥ — k2% + kb 4+ k5*), it follows a =
—B(Fy U Ky). Hence, 3(Fo U Ry) = 0. Therefore, we have condition (c). Since
IK(Ro)| = ko + k2 > 1 and |[K(Ry)| = k1 + k2 > 1, we have condition (d).
Finally, since fo + 2(ko + k2) < m — 1 and f; + 2(k1 + k2) < m — 1, there
exists BiDPC[IC(R),)|Gp, Fp] for each p € {0,1} by the induction hypothesis.
Condition (e) is satisfied. This finishes the proof. O

Case 2. Forsomep € {0,1}, k, = ko =0, fi_p+2k1_, < m—1,and f, < m—3.

Let us consider a more general situation for future use in Section 5. Let P’ be
a set of binary strings such that {V; : ¢ € P’} is a partition of V. Suppose that
K is P'-separated. Let p,q € P’ be such that every vertex of V, has a neighbor
in Vp, fq+2ky < m—1q), and fp + 2k, < m —I(p) — 2. Suppose kg > 1
and k, > 0. Notice that we have the case condition if P’ = {0,1}, p € {0,1},
g=1-p,and k, =0.

We utilize a closed chain C' = {(u,v), (v/,u)}, where u,v € V,, v’ € N(u) N
Vp, and v' € N(v) NV,. Let (s,t) € K,. We merge C into an s-t chain in the
form of {(s,u), (u/,v"), (v,t)} so that the s-t path will eventually cover vertices
of Gp. Let Ry = (K4 \ (s,t)) U{(s,u), (v,t)}. Then, we need to find f’-fault k'
BiDPC[K(R,)|Gq, FyUF(R,)], where it is possible that f'+2k" > m—1I(q). The
following Procedure BiDPC-B builds such a BiDPC using an f,-fault k,-BiDPC.

Procedure BiDPC-B(G, K, F, q,p) (See Fig. 2b.)
/* Merge a closed chain C = {(u,v), (v/,u)} into an s-¢ chain in the form of
{(s,u), (W, 0v"), (v,t)}, where (s,t) € K4, v’ € N(u)NV,, and v’ € N(v)NV,. */
1. Find P,=f,-fault k,-BiDPC[K,|Gq, Fy].
2. Find an edge uv on P, such that uu’,vv’ ¢ F and both v’ and v’ are free,
where v’ € N(u)NV, and v/ € N(v)NV,. Let P = (s, Py, u,v, P,,t) be
the path of P, that covers uv, where (s,t) € K,.
3. Find Pp=f,-fault (k, + 1)-BiDPC[K, U {(v/,v")}|G,, F}).
4. Merge P, and P, \ P, and two paths (s, P,,u) and (v, P,, t) using linking
edges uu’ and vv'.
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Lemma 8. Suppose f + 2k < m, m > 4, hb(G) <0, and h*(G) < 0. Also,
suppose k =ki_p, fi_p+2ki_p <m—1, and f, <m—3 forp e {0,1}. Then,
applying BiDPC-B(G, K, F,1 — p,p) constructs BiDPC[K|G, F].

Proof. Let ¢ =1 —p. Since f, + 2k; < m — 1, there exists P, by the induction
hypothesis. We claim the existence of an edge uv at Step 2. From ky = 0 and
hP (@), h¥(G) < 0, we obtain 0 < B(F, U K,,), B(F, U K;) < B(G). There are
om—1_ e = fé’ — B(FyUK,) — k4 candidates for uv, i.e., edges in P,. Since each
element of Iy U Fj U pr’ can block at most two candidates, there are at most
2(fa+ £ + le,’) blocked candidates. Since f;” + o< fy, BIF,UK,) < fy+ kq,
Iy +f;,’ < fp,and f+k <m — 1, it follows

2m71—f(;u—f(?—/@(FqUKq)_kq_Q(f2+f;)+f;l;)
2 2mt — 2<fq +kq +f2 +fp) (9)
=2l _o(f+k)>2m ! —2(m—1) > 2.

Therefore, we have the claim.

Now, we show that the path set built at Step 4 is a desired BiDPC. Let
Cli] = {(ss, ti)} if (s,t) # (84, :). Let C[i] = {(ss,u), (v, v"), (v,t;)} if (s,t) =
(si,ti). Let R = Ule C[i]. The Merging Lemma’s conditions (a), (b), and
(d) are obvious. We recall that 0 < 8(F, U K,), B(F, U K,) < B(G). From
B((u,v)) =0, we obtain S(F,UR,) = B(F,UK,) and 8(F,UR,) = B(F,UK,).
Hence, we have condition (c). Since P, covers 2"~ 1 — fi — fé’ — B(Fy U Ky)
vertices and S(K,) = B(R,), two paths (s, P,,u) and (v, P,,t) and paths in
P\ P together form BiDPC[IC(R,)|G 4, FoUF (Ry)]. Since fp+2(kp+1) < m—1,
there exists P, by the induction hypothesis. Condition (e) is satisfied. The proof
is finished. O

3.2. Constructions for h**(G) >0 (h*(G) <0)

We sketch our approach. First, we build chains by following the construction

of Step 1 of Procedure BiDPC-A. Then, we obtain a set of chains R such that
B(FoURo) = B(FyUK)—(Ky+ks™) = h*(G)+B(G) and B(F1UR) = —h*(G).
To meet condition (c) of the Merging Lemma, we add h"(G) black units to
Go and the same number of white units to G in the form of closed chains
{(z4,2), (%, i)}, where x4, 2z; € VP and 1 < i < h¥(G). For example, if there
exists a vertex pair (s,t) € K(Ryp), such closed chains can be joined to an s-
t chain in the form of {(s,z1), (21, 21), (21, 22), ..., (2hw(g),t)}. This approach
requires an fo-fault (ko+k2+h"(G))-BiDPC in Gy, and the following Procedure
BiDPC-C builds it using an fo-fault (or (fo + h"(G))-fault) (ko + k2)-BiDPC.
Procedure BiDPC-C(G, K, F') (See Fig. 2c.)
/* Build chains C[i] = {(s;,u;), (@;,t;)} for 1 < i < ko, C[j] = {(sj,t;)} for
J > ko, then merge them with closed chains {(z;, 2;), (%, ;) } for 1 < i < h*(G).
R=UL Cli. ¥/

1. Select ko free edges u;u; for 1 < i < ko, where u; € V. Let Cfi] =

{(si,ui), (ﬂi,ti)} for 1 <i < ko and let C[j] = {(Sj,tj)} for j > k.
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2. Case f1 = f2 and fo + ki + k¥ 4+ k2™ = 0: Find P=fo-fault (ko + ks)-
BiDPC[Ry|Go, Fo]. Let X = {z; : 1 < i < h*(G)} be a set of h(G) free
vertices of V that are not covered by P.

3. Case f1 > fPor fo+ky +kY + kg’w > 1: Select h*(G) free edges z;T;,
1 <i < h¥(Q), such that x; € V¥ and let X = {x; : 1 <i < h%(G)}.
Then, find P=(fy + h*(G))-fault (ko + k2)-BiDPC[Ry|Go, Fo U X].

4. For each z; € X, choose a vertex y; € N(x;) that is covered by P such
that (1) y; # y; if ¢ # 7, (ii) y; is not a sink, (iii) z;y; is fault-free, (iv)
zi ¢ {uj 11 < j < ko}, (v) 2% is fault-free, and (vi) Z; is free, where z;
is the vertex next to y; in the direction of the sink in the path of P that
covers y;; in s;-u; paths, u;s are regarded as sinks.

5. For each P € P, if P contains some y;s, say P = (S, Pjy, Yj1» Zj1s Pivs Yjasr Zias
..y 2., Pj.,t), then replace (s,t) with (s,z;,), (@5,, 45, ), (Zj1:%j5), - -
(zj,,t) at some C[j] such that (s,t) € C[j]; and replace P with the paths
(S,Pjo,yj1,$j1), (Zj17Pj1ﬂyj2vxj2)» B3] (Zjnapjnvt) in P.

6. Find P’ = fi-fault (k1 + k2 + h"(G))-BiDPC|[R; |G, Fi].

7. Merge P and P’ by using linking edges x;%;, 2%, and u;u;, where 1 <
1 <h*(G)and 1 < j < ko.

Lemma 9. Suppose f + 2k < m, m > 4, h®(G) < 0, and h*(G) > 0. Also,
suppose ko+ka > 1 and 2h*(G) < fo+ fo+2ko—1. Then, Procedure BiDPC-C
constructs BiDPC[K|G, F].

Proof. For Steps 1 through 3, we need to show the existence of ks + h*(G) free
edges in Eg . Let ny, be the number of faulty vertices and terminals in V.7, where
c € {b,w}. Then, our goal is to show (n§+n¥+ fa)+(k2+h*(G)) < 2™~2. Since
(n§+nY+fo)+n+nb < f+2k, it suffices to show ko +h* (G) < n¥+nb. Adding
ks to both sides of (2) gives ky+h™(G) = f¥ + k¥ + k¥ +kY" = B(G) — (fo+ kD).
We are done since f& + k¥ + k¥ + k3" <np.

Next, we show the existence of P at Steps 2 and 3. Suppose that Step 2
is taken. We are to show fy + 2(ko + k2) < m — 1. Suppose to the contrary
that fo —+ 2(]{50 —+ ]CQ) = m. Then, f1 —+ fg —+ kl = 0 Then, by (3), we obtain
h(G) = —k¥ — kg’w < 0, a contradiction. Suppose instead that Step 3 is taken.
We are to show fo + h"(G) + 2(ko + k2) < m — 1. From (3), f + 2k < m, and
J1> fPor fo+ ki + kY + k2" > 1, we obtain

Jo+2(ko + k2) + h(G) <m — (f1 + f2) — 2k + 1*(G)
=m—(fi— )= fo— (21 — K}) — (f + K + kY + k") <m — 1.

We claim that we can choose y;s at Step 4. Since y; is a neighbor of x; in
G, there are m — 1 candidates for each y;. Each graph element in the following
may block at most one candidate of y;: (i) i — 1 vertices in N(z;) N Vp chosen as
y; for 1 < j <4, (ii) ko sink vertices in Gy, (iii) f§ faulty edges, (iv) ko vertices
UL, U2, .., Uky, (V) fo faulty edges between Vy and Vi, (vi) n} white faulty
vertices and terminals in Gy, and (vii) f§ white faulty vertices in Gy. Notice

13



that i —1 < h"(G) —1 for (i) and that vertices uj, 1 < j < ks, do not overlap to
any y; for (ii). They together block at most (R (G)—1)+ko+f§+ko+ fo+nt'+f§
candidates. Since h*(G) = —f¥ — k¥ — (k¥ + k5™) + f + k¥ by (3) and
nY = fo 4+ kY + (ky — kb)) + k¥ + k5", we obtain

(K(G) = 1) + ko + fg + ko + fo+n)" + [
=P A S+ fot kot ki +he— 1< fHk—1<m—1.

Therefore, we have the claim.

It remains to check the conditions of the Merging Lemma. Conditions (a) and
(b) are obvious from the construction. Since 8({(s,x;,), (2j,,2j5)s---, (25, 1)}) =
B((s,t)) —n, it follows S(FoURy) = B(G) and S(F1URy) = 0. Since kg +k2 > 1
and R; contains a vertex pair (#1, 1), we have C(Ry) # 0 and K(Ry) # 0.
Conditions (c) and (d) are verified. Since Step 5 inserted h™(G) free ver-
tices of Vob to P, at this point, P contains all the free vertices of V except
B(G) black ones. It still holds that P is a set of paths joining elements of
K(Ro). Notice that (Ry) = Ry. Hence, P is BIDPC[K(Ro)|Go, Fo U F(Rp)].
Since 2h*(G) < fo + fo + 2ko — 1, it follows f1 + 2(k1 + ko + A¥(G)) <
m — (fo + f2 + 2ko) + 2h™(G) < m — 1. Thus, there exists P’ by the induction
hypothesis. Condition (e) is satisfied. This finishes the proof. O

The following Procedure BiDPC-C1 considers the case when ki + ko > 1 and
2h*(G) < f1+ fa+2k1 — 1. Its construction is symmetric to that of Procedure
BiDPC-C, and therefore its correctness proof is symmetric to that of Lemma 9,
too. Therefore, we omit the proof of Lemma 10 below.

Procedure BiDPC-C1(G, K, F)
/* Steps 1, 4, 5, and 7 are identical to the corresponding steps of Procedure
BiDPC-C. */

2. Case fo = f& and fo + ko + kb + kg’w = 0: Find P=fi-fault (k1 + ko)-
BiDPC[R;|G1, Fi]. Let X = {x; : 1 < i < h*(G)} be the set of h*(G)
free vertices of V{ that are not covered by P.

3. Case fo > f¥ or fo+ ko + kb + k5™ > 1: Select h*(G) free edges ;7;,
1 < i < h*(G), such that z; € V¥ and let X = {z; : 1 < i < h”(G)}.
Then, find P:(fl + h“’(G))—fault (kl + kQ)—BlDPC[R1|G1, F1 U X]

6. Find Pl = fo—fault (k‘() + kQ + hw(G))—BlDPC[R0|G0, Fo}

Lemma 10. Suppose f + 2k < m, h*(G) < 0, h*(G) > 0, and m > 4. Also,
suppose k1+ke > 1 and 2h™(G) < fi1+ fo+2k1—1. Then, Procedure BiDPC-C1
constructs BiDPC[K|G, F].

Lemmas 9 and 10 above leave open the case when k, + ko = 0 or 2h"(G) >
fp + fo+ 2k, — 1 for each p € {0,1}. This case will be considered in Section 5.

We close this section with a lemma which is useful to check conditions
20" (G) < fp+ f2+2kp, — 1 of Lemmas 9 and 10, where p € {0,1}.
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Lemma 11. (a) f& < 3f04fo+ fot+4k+2kg+2k5+2k5 +28(G)—1 if and only
if 20 (G) < fo+ fat+2ko—1. (b) fo < 3f0 4 fo+ fo+4kY +2k0+2kY +2k0" —1
if and only if 2h* (G) < f1 + fo + 2k — 1.

Proof. Let us show part (a). We recall that 8(Fy U Ko) = f& + k% — f& — k§.
Substituting (2) into 2h*(G) < fo + fa + 2ko — 1 gives

2(f8 + kY — (f8+KY) — (kS + k5 + B(G))) < fo + fa + 2ko — 1.

By rearranging it, we obtain (a). Similarly, we substitute (3) into 2h"(G) <
J1+ fa+ 2k — 1 to obtain (b). O

4. Proof of Theorem 1 for f® <1

We begin by considering a special case that the total number of white faulty
vertices and white terminals is at most one, i.e., f% 4+ k° + 2k% < 1.

Lemma 12. Suppose B(G) > 0, f+ 2k < m, and f* + k° + 2k¥ < 1. Then,
there exists BiDPC[K|G, F].

Proof. Suppose f* + k° 4+ 2k* = 0. Then, we have S(K) < 0 and S(F) < 0,
which contradict 8(G) > 0. Now, suppose f* = 0 and k° 4+ 2k = 1. Since
B(G) = (f* + k%) — (f* + k) > 0, the only possibility is that 3(G) = 0,
fo=fr=k" =k =0,k =k° =1, and f = f°. Hence, Lemma 4 applies.
Suppose instead that f* = 1 and k° + 2k = 0. Since 8(G) > 0, the only
possibility is that f¥ =1, f® =0, k = k* = 1, and B(G) = 0. Hence, Lemma 4
applies. ]

Hereafter in this section, due to Lemma 12 above, we assume f*+k°+42k" >
2. In what follows, we need the following assumptions.

(A1) Each of Gy and G; contains at least one white faulty vertex or white
terminal. That is, f& +k&+kg+kY+kS" > 1and fl4+-kY+kS+kY+ko" >
1.

(A2) If k¥ =0, then k¥ = 0.
(A3) If ky =1, and ko = 0 or k1 = 0, then s1 # 1, where Ky = {(s1,t1)}.

We do not lose any generality by our assumptions. There exist two white faulty
vertices and/or terminals w; and we; we choose (w1, ws) € K whenever pos-
sible. It is obvious that w; and wy differ in at least two bits, say the ith bit
and the jth bit. Assuming either ¢ = 1 or j = 1 establishes (A1) and (A2).
Suppose that (A3) is violated when ¢ = 1 and when j = 1. Then, there exist
two source-sink pairs (s,t) and (s',t") such that, without loss of generality, s
and s’ are white, ¢t and ¢’ are black, s and ¢ differ in the ith bit only, and s’ and
t' differ in the jth bit only. If s and s’ differ in the ith bit and the jth bit only,
then ¢ = ¢/, a contradiction. Therefore, there exists an [ such that 1 <1 < m,
1 ¢ {i,j}, and s and s differ in the Ith bit. Consequently, by assuming [ = 1
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and assigning s and s’ respectively as w; and ws, we obtain kg, k; > 1. In this
way, all assumptions are established.

Without loss of generality, we can assume h%(G) < 0. Suppose otherwise.
Then, since h*(G) > 0 and h*(G) > 0 do not happen simultaneously, it follows
h*(G) > 0 and h*(G) < 0. By exchanging G and G, as described in Section 3,
we obtain h?(G) < 0 and h*(G) > 0 (see (5) and (6)). Recall that this exchange
does not invalidate 3(G) > 0. Also, assumptions (Al), (A2), and (A3) still hold
true. With the aid of assumption (A1), we can easily handle the case when
h*(G) > 0.

Lemma 13. Suppose f +2k <m, m >4, f* <1, h®(G) <0, and h*(G) > 0.
Then, Procedure BiDPC-C1 constructs BiDPC[K|G, F].

Proof. We are to show ki + ko > 1 and 2" (G) < f1 + fa + 2k; — 1. To show
k1 4+ ko > 1, suppose to the contrary that k; 4+ ko = 0. Since G; has no white
terminal, it follows fi* > 1 by (A1). Since h*(G) = ff—f > 0 by (3), it follows
fb > 2, which contradicts f° < 1. It remains to show 2h%(G) < fi+ fo+2k; —1.
From (A1), we obtain 2f¥ + 2k¥ + 2k + 2k¥ + 2k5™ —1 > 1 > fb. By
Lemma 11(b), we obtain 2" (G) < f1 + fo + 2k — 1. O

The rest of this section covers the case when A" (G) < 0. There are four cases
discussed in Section 3.1. Since Cases 1 and 2 have already been considered, it
remains to consider Cases 3 and 4.

Case 3. For some p € {0,1}, k, + ko > 1 and f), + 2(k, + k2) = m.

We assume k1 + ko > 1 and f1 +2(k1 + k2) =m (f = f1 and k = k1 + ko).
Otherwise, we exchange Gy and G;. We recall that this exchange does not
invalidate 8(G) > 0 and h®(G),h"(G) < 0. From (A1) and fy = 0, we obtain
ko > 1.

We follow the construction of Procedure BiDPC-A with some modifications.
Basically, we build simple chains {(s;,u;), (a;,t;)} for every (s;,t;) € Ko, where
u; € Vp. Although G may not be f-fault k-bicoverable, we can use (f + 1)-
fault (k — 1)-bicoverability or (f — 1)-fault k-bicoverability of G; instead. We
use ko-bicoverability of Gy if 2ke < m, and Lemma 2 or 3 if 2ko = m. In order
to use Lemma 3, we need S({(s;,u;) : 1 <i < ky}) =0 and two s;u;s forming
edges.

Case 3.1. k > 2 and there exists an (s;,t;) € Ko such that t; is free.

Without loss of generality, we can assume that ¢; is free. Recall that we
are assuming (s;,t;) € Ky and s; € Vj for 1 < i < ky. It will be useful
that {(s1,%1),t1} > (s1,¢1). The detailed construction is given in the following
Procedure BiDPC-D.

Procedure BiDPC-D(G, K, F') (See Fig. 3a.)
/* Build chains C[1] = {(s1,%1),t1}, Cli] = {(si,w;), (@i, ;) } for 2 < i < ko, and
Cl) = {(s5:1;)} for j > ko R=UZ, Clil- */

1. If (s1,t1) € K¢ and there exists (s;,t;) € KUK such that #; is free, then

exchange (s1,t1) and (s;,t;). If ko > 2, we assume that B(s2) = —f(s1)
or B(s;) = B(s1) for every 2 < i < k.
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2. Select ko — 1 free edges w;u;, 2 < i < ko, such that u; € V) and
(a) Case B(s1) = B(t1): B(s;) = —B(u;) and if ko > 3, sous and szug
form edges.
(b) Case B(s1) = —B(t1), k2 > 2, and B(s2) = —B(s1): B(s2) = B(u2),
B(s;) = —B(u;) for j > 3, and if ks > 4, sgus and syus form edges.
3. Find Posz—BiDPC[IC(R()”Go,@] and Plz(fl + 1)—fault (kl + ko — 1)—
BiDPC[K(R1)|G1, F1 U {t1}]. Merge Py and P; with the linking edges.

Lemma 14. Suppose f+2k <m, fo+ fa+ ko =0, and k > 2. Also, suppose
that there exists (s1,t1) € Ko such that t1 is free. Then Procedure BiDPC-D
constructs BiDPC[K |G, F] if one of the following is satisfied:
o B(s1) = B(tr).
e [(s1) = —B(t1), there exists (sa2,t2) € Ko such that 5(s2) = —B(s1). In
addition, fi + k1 > 1 or ko > 4.
[ 5(81) = —ﬁ(tl), ]fl 2 ]., kQ = ]., and 5(G) 2 1.

Proof. We claim the existence of free edges at Step 2. We need at most kY +ky’ b
free edges of ES™ and at most kS 4 k5™ free edges of EX"°. Since fo = ko = 0,
it follows k¥ + k2" = —h®(@) and kS + k2 = —h*(G) — B(G). By Lemma 6,
we have the claim. We further claim that we can sequentially choose us and ug
at Step 2(a). There are m — 1 candidates for each of uy and us and at most
m — 2 of them are blocked by faulty vertices and terminals, as so (resp. s3)
blocks no candidate of uy (resp. wug) and because s; and t; together block at
most one candidate of us and of uz. Although us and wus should be distinct,
either sy or ug blocks at most one candidate for us since s9 and us have different
colors. Therefore, there remain at least one candidate of uz after we choose us.
The claim is proved. Similarly, we can pick up ks — 1 free edges satisfying the
conditions of Step 2(b).

To show that the result of Step 3 is a desired BiDPC, we check conditions
of the Merging Lemma. Let us consider the first part, 8(s1) = 8(¢1). From the
construction, conditions (a), (b), and (d) are obvious. Similar to the proof of
Lemma 7, condition (c) follows from S(FyURy) = 0 and conditions (a) and (b).
To verify condition (e), since Fy = F(Ry) = and F(Ry) = {t1}, it will suffice
to show the existence of Py and P;. Since (f1 + 1) + 2(k1 + k2 — 1) < m, there
exists P; by the induction hypothesis. The existence of Py is guaranteed by the
induction hypothesis if f; + k1 > 1, by Lemma 3 if f; + k; = 0 and ko > 3,
and by Lemma 2 if f; + k1 = 0 and ko = 2. The proof for the second part is
similar. (The existence of Py is from the induction hypothesis if f; + k1 > 1,
and from Lemma 3 if f; + k1 = 0 and ko > 4.) Let us consider the third part.
Conditions (a), (b), and (d) are obvious. By (Al), sy is white, so ¢; is black
and B((s1,£1)) = 1. Since B(G) > 1, it follows 0 < B(Ry) = 1 < B(G) and
0 < B(F1URy) = B(G) —1 < B(G). Thus, condition (c¢) is verified. There exist
Po and P; by the induction hypothesis. Hence, we have condition (e). This
finishes the proof. O

By the selection of (s1,%1) in Step 1 of Procedure BiDPC-D, hereafter in this
section, we assume that f; is not free for each (s;,t;) € KSUKY. Lemma 14 above
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Figure 3: Hlustrations of the constructions in Section 4.

leaves open the following two cases: (i) f =0, k = ko € {2,3}, B(s1) = —B8(¢1),
and there exists (s9,t2) € Ko such that 8(s2) = —3(s1), and (ii) 8(s1) = —8(t1)
and there exists no (s,t) € Ks such that 5(s) = —f(s1). Let us consider case (i).
Suppose ky = 2. If 3(G) = 0, then Lemma 2 applies. Let 3(G) > 1. Then, the
only possibility is that k3 = k¥ = 1 and 5(G) = 1, i.e., (s2,t2) € K¥. Since
t5 is not free, it follows that s; is a black vertex, so t; is a white vertex. This
implies that 3 is free. Thus, by exchanging Gy and G, we come to the case
where there exists a source-sink pair (s,t) € K% such that ¢ is free. It is the
case in which the first part of Lemma 14 is applicable. The following Lemma 15
considers when ky = 3 (m = 6).

Lemma 15. Suppose f =0, k = ko = 3, and m = 6. Also, suppose that there
exist (s1,11), (s2,t2) € Ko such that t1 is free, B(s1) = —B(t1), and B(s2) =
—B(s1). Then, there exists BiDPC[K|G, F].

Proof. We build chains C[1] = {(s1,t1),t1}, C[2] = {(s2,u2), (u2,t2)}, and
C[3] = {(s3,us3), (us,t3)}. First, select a free edge uguz such that us € Vg
and sgug forms an edge. Then, find Py=1-BiDPC[{({1, s2)}|Go, {s3,u3} U F'],
where F/ = {s1t3} N E. Let ({1, P1,s1,u2, P, s3) be its unique path. Finally,
merge the three paths (¢1, Pi,s1), (ug, Ps,s2), and (s3,u3) and P;=BiDPC
[IC(R1)|G1, F(Ry)] using the linking edges, where R = U?Zl C[i] (see Fig. 3b).
The Merging Lemma’s conditions (a), (b), (c), and (d) can be verified with
ease. There exists Py by the induction hypothesis. Since S((t1,s2)) = 0 and
B((s3,u3)) = 0, Py is a t;-so Hamiltonian path of Gy \ {s3,u3}. Hence, three
paths (ﬂ, Pl, 51), (UQ, PQ, 82), and (53, u3) form BIDPC[K:(R())IG(), Fo U ]:(RO)]
By the induction hypothesis, there exists P;, which is a 1-fault 2-BiDPC if
Uz # t2 and is a 2-fault 1-BiDPC otherwise. Hence, condition (e) is satisfied.
As a result, we have a desired BiDPC. O

Now, we consider the case (ii), where 5(s1) = —f(¢1) and there exists no
(s,t) € K5 such that 8(s) = —8(s1). We distinguish two subcases: ko > 2 and
ko = 1.

Suppose first that ko > 2. Since all the terminals in GGy share the same color
white by (A1), we have kY = k} = 0. If k¥ > 1, by the choice of (s1,¢;) in
Step 1 of Procedure BiDPC-D, we are done. Therefore, ko = kg’ ®. We observe
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that an edge ua is always free if @ is a free vertex such that @ € N(¢;)NV;. From
(A1) and ke = k;”’b, we obtain f; + k; > 1. The following Procedure BiDPC-E
and Lemma 16 below handle this case; we will use the procedure again in a later
case.

Procedure BiDPC-E(G, K, F) (See Fig. 3c.)
/* Builds chains C[i] = {(s;,u;), (@;,t;)} for 1 < i < ko, and C[j] = {(s;,t;)}
for j > ky. R=U"_, C[i]. */

1. Select a free edge uyuy such that wyt; is a fault-free edge in Gj.

2. Select ko — 2 free edges u;w; for 3 < ¢ < kg such that u; € Vy and
Bus) = —=B(si).

3. Find Pi1=(f1 + 1)-fault (k — 1)-BiDPC[K; U {(u@;,t;) : 3 < @ < kot U
{(tl,tg)HGl,Fl U {1[1}] Let P = (tl,dQ,Pu7t2> be P1’s t1-to path.

4. Find Py=ke-BiDPC[K(Ry)|Go, 0]. Merge Py, P1\ P, and two paths (11, 1)
and (ug, Py, t2) using the linking edges.

Lemma 16. Suppose f+2k <m, fo+ fo+ko =0, ks > 2, and f1 + k1 > 1.
Suppose that there exist (s1,t1), (s2,t2) € Ko such that 5(s1) = —f(t1), B(s2) =
B(s1), and B(t2) = B(t1). Also, suppose that an edge uw is free if 4 € N(t1)NV;y
is free. Then, Procedure BiDPC-E constructs BiDPC[K|G, F].

Proof. The existence of free edges in Step 1 and 2 can be shown in a way similar
to the proof of Lemma 14. The Merging Lemma’s conditions (a), (b), (c), and
(d) can be verified with ease. Notice that 8(Ry) = 0 and B(F1UR;y) = B(G). Let
us verify condition (e). Since (f; +1)+2(k—1) < m — 1, there exists P; by the
induction hypothesis. Since S(K; U{(d;,t;) : 3 <i < ko}U{(t1,t2), m1}UF)) =
B(G), Py contains | = 2™~ 1 —(f4 f¥)—B(G)—1 vertices. Let us consider a set of
paths consists of all the paths in P; \ P and two paths (11, ¢1) and (a2, Py, t2). It
contains [ + 1 vertices, and it is obviously a paired many-to-many disjoint paths
joining vertex pairs of KC(R;). Hence, the path set is BIDPC[K(R;)|G1, Fi].
There exists Py by the induction hypothesis. Thus, (e) is verified. This finishes
the proof. O

Suppose instead that ko = 1. Since G contains no faulty vertex or terminal
other than sq, s1 is white and ¢; is free by (A1) and (A3). By Lemma 14, there
remains only one case to be considered: k1 > 1, ko = k;”’b =1, and B(G) = 0.
If f{ =0 and k; = 1, then Lemma 2 applies. Hence, it only remains to consider
when f; + 2k; > 3. The following Procedure BiDPC-F and Lemma 17 consider
this case.

Procedure BiDPC-F(G, K, F') (See Fig. 3d.)
/* Builds chains C[1] = {(s1,%1),t1}, Clj] = {(sj,u), (a,0), (v,t;)} for some
j>2, and Cli] = {(s;,t:)} for 2 <i #j <k. R=", C[i]. */
1. Find Plzfl—fault (k*l)—BlDPC[KﬂGl,Fl] Let P = (Sj, Ps,u,tl,v, Pt,tj)
be the P;’s path containing ¢;.

19



2. Merge P; \ P, paths (sj, Ps,u), (t1), (v, P, t;), linking edges ua, vo, and
t1t1, and Po=2-BiDPC[{(u, v), (s1,%1)}|Go, 0].

Lemma 17. Suppose f+2k < m, fo+ fo+ko =0, k > 2, ks = 1, and
f1+ 2k > 3. Also, suppose that there exists (s1,t1) € K;”’b such that t; # s;.
Then, Procedure BiDPC-F constructs BiDPC[K |G, F).

Proof. There exists P; by the induction hypothesis. Notice that f; +2(k—1) <
m. We claim that P; covers t;. Notice that 5((s1,%1)) = 0. Since §(G) = 0 and
B(FUKN\ (s1,t1)) = B(FUK), the path set P, is a disjoint path cover of G\ F}.
Hence, we have the claim. Notice that P; \ P and the three paths (s;, Ps, u),
(t1), and (v, P, t;) form a disjoint path cover of Gy \ Fy. Since m > 5, the
induction hypothesis guarantees the existence of Py. Verifying the conditions
of the Merging Lemma can be easily done using these facts. O

Case 3.2. k > 2 and {; is a terminal for any (s;,t;) € K.

We claim ko > 2. Suppose to the contrary that ky = 1 and ¢; is not free.
The only possibility is that {; = s, which contradicts (A3). Hence, we have
the claim. We observe that for any ¢; such that t; € Vi and (s;,t;) € Ky, t; is
a terminal. Hence, k3 + kg”“ < K+ kzg’w. A symmetric reasoning reveals that
kS 4+ kYP < kY + kY'Y, Therefore, kb = k.

Suppose f1 +k1 = 0 and ky = 2. Since k§ = k¥, it follows k2" = k5% =1 or
k¥ = k% =1 by (A1). Therefore, Lemma 2 applies. In what follows, we assume
that f1+k'1 Z].OI“ kg 23

Suppose kg’w > 2 or ky b> Then, we rearrange source-sink pairs in Ko
so that (s1,t1), (s2,t2) € K" or (s1,t1), (s2,t2) € Ko™ Notice that for any
(s,t) € Ko, an edge ut is free if @ is free, where 4 € N(t) N V;. Hence, if
f1+ k1 > 1, Procedure BiDPC-E constructs a desired BiDPC. Let us consider
a modified version of Procedure BiDPC-E that selects u; from N(s;) N Vp for
3 <i < ko at Step 2. This modified version can be used to construct a desired
BiDPC when f1 + k1 =0 and kg > 3.

Lemma 18. Suppose f+2k <m, fo+ fa+ko =0, f1 +k1 =0, and ke > 3.
Suppose that there exist (s1,t1), (s2,t2) € Ko such that 5(s1) = —B(t1), B(s2) =
B(s1), and B(t2) = B(t1). Also, suppose that uw is free if u € N(t1)NV; is free.
Then, the modified Procedure BiDPC-E constructs BiDPC[K |G, F].

Proof. The proof is similar to that of Lemma 16. However, the existence of Py
relies on Lemma 3 instead of the induction hypothesis. Notice that if ko = 3,
ssug and either sju; or ssus form two edges in Gy. O

Suppose instead that kg’w < 1 and k;”’b < 1. We claim that we have
kY kY'Y > 1 or kS kY > 1. I kDY = k2% = 1, we are done. If k™ + k20 <1,
then kY = k§ > 1 follows from ky > 2. Thus, we have the claim. By the claim,
we can assume without loss of generality that there exist (s1,%1),(s2,t2) € Ko
such that 8(s;) = —f(s2) and B(t1) = —B(t2). The following Procedure BiDPC-
G and Lemma 19 consider the case when f; + k1 > 1 or ko > 4. The proof for
the case when f; + k1 = 0 and k3 = 3 is given in Lemma 20 below.
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Figure 4: Hlustrations of the constructions in Section 4.

Procedure BiDPC-G(G, K, F') (See Fig. 4a.)
/* Build chains C[i] = {(s;,u;), (@;,t;)} for 1 <1i < ky and C[j] = {(s;,t;)} for
j>ke R=U, Cli]. ¥/

1. Select ko — 2 free edges u;u;, 3 < i < ko, such that u; € Vy and B(s;) =
—0B(u;). Let ssug and squy form edges if ko > 4.

2. Find 7)1 = (k - 1)—B1DPC[K1 @] {(ﬂl,tl) 03 § ) S kz} U {(t17t2)}|G17F1 U
F/], where FI = {tth} NE. Let P = (tl,Pl,’lfl,'LL_Q,PQ,tQ) be its tl—tg
path.

3. Find ko-BiDPC[K(Ry)|Go, (] and merge it with P; \ P and two paths
(t1, P1,u1) and (a2, Pa,t2) using the linking edges.

Lemma 19. Suppose f+2k <m, fo+ fo+ko =0, ko >2, and f1 + ki > 1
or ko > 4. Also, suppose that t; is not free for each (s;,t;) € Ko and there
exist (s1,t1), (s2,t2) € Ko such that B(s1) = —f(s2) and B(t1) = —B(t2). Then,
Procedure BiDPC-G construct BiDPC[K|G, F|.

Proof. The proof is similar to that of Lemma 16. Notice that, by the selection
of F’, the length of the path P is greater than one. Since P is a path of odd
length, P contains at least four vertices. Hence, there exist an edge uiuz on P
such that both uiu; and ugusy are free. O

Lemma 20. Suppose f =0, k = ko = 3, and m > 6. Also, suppose that t; is
not free for each (s;,t;) € Ko. Then, there exists BiDPC[K|G, F].

Proof. 1t suffices to consider that s; ¢ N(t;) for 1 <4 < 3, otherwise Lemma 3
applies. Since k¥ = k3, it follows k5 = k¥ = k§ = 1 or k3 = 3. However, as will
be shown later, k§ = 3 does not happen. Hence, without loss of generality, we
can assume (s1,t1) € K. Also, we can rearrange source-sink pairs so that ¢; =
s3. Then, it follows {2 = s; and {3 = s2. (See Fig. 4b.) We claim S(t1) = B(¢2).
Suppose k5 = k¥ = kS = 1. From (s1,t1) € Kg, it follows B(s2) = B(t2) and
B(s3) = B(t3). From this and two conditions {; = s3 and {3 = s2, we obtain
B(t1) = —B(s3) = —B(t3) = B(s2) = B(t2). Suppose k3 = 3. Then, we obtain
B(t1) = —B(ss) = B(ts) = —B(s2) = B(ty). From this, it follows ky = k5™
or kg = k:;”’b, which violates (Al). Thus, we have the claim. We use chains
Cli] = {(si,u;), (w;, t;) } for 1 < i < 3. There exists a free vertex u; € N (t1)NV;.
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Let F' = {tltg,tgtg} N E. There exists P1:1—B1DPC[{(t1,t2)}|G17 {’1171} U F/]
by the induction hypothesis. Let P = (1, u3, Ps,t3, U2, P2, t2) be P1’s unique
path. Since B(t1) = B(t2), the path (uy, P) is a Hamiltonian path of Gy, so
three paths (u_l,tl), (’LL_37P3,t3), ('UTQ,P27t2) form BIDPC[K(R1)|G1,®], where
R= U?zl C[i]. By selection of F”, it is guaranteed that iy and w3 are free and
their mates are free. Since szus and ssus form two edges in Gy, there exists
3-BiDPC[K(Ry)|Go,#] by Lemma 3. Since F; U F(R;) = () for i € {0,1}, the
condition (e) of the Merging Lemma is verified, and other conditions can be
verified easily. O

Case 3.3. k=1.

We recall that f = f1. By (Al), we have k = ko = 1 and s; is white. Due
to Lemma 4, we need to consider only the case where f?+ fi* > 2. For a faulty
vertex © € Fp, we utilize a t1-x path in G;. Details are given in the following
Procedure BiDPC-H.

Procedure BiDPC-H(G, K, F) (See Fig. 4c.)
/* Builds a chain C[1] = {(s1,%), (y,t1)} or {(s1,2), (2,t1)}. R=C[1]. */
1. Select a faulty vertex z € Fy.
2. Find 1-BiDPC[{(t1,2)}|G1, F1 \ z]. Let P = (1, P,, z,y, z) be its unique
path.
3. If 2 € F}, then merge (¢, P.,2,y) and an s;-j Hamiltonian path of Gy
using ygy. If € F{¥, merge (1, P,, z) and an s1-Z Hamiltonian path of Gy
using zz.

Lemma 21. Suppose f+2k <m, m >4, fo+ fo+ko=0, f0 + f* > 1, and
k = ko = 1. Then, Procedure BiDPC-H constructs BiDPC[K|G, F].

Proof. Notice that P contains [ = 2™~ — (f*+ f* — 1) — B({(t1,2)} U (F \ )
vertices. Suppose first that € FP. Then, we have 3(x) = —1, so B(F \ z) =
B(F) 4+ 1. If B(t;) = —1, then | = 2771 — (f* + f*) — B(F) + 1. Since
B(F) = B(G), the path (t1, P, z,y) contains 2™~ ! — (f* + f*) — B(G) vertices.
Therefore, we can merge the path with an s;-g Hamiltonian path of G in order
to obtain a desired BiDPC. If B(t;) = 1, then | = 2™~ ! — (f* + fv) — B(F).
Since B(F) = B(G) — 1, the path (t;, P,, z,y) contains 2™~ 1 — (f* + fv) — 3(Q)
vertices. Again, we can merge the path with an s;-y Hamiltonian path of G
to obtain a desired BiDPC. The proof for x € F}¥ is similar, and therefore is
omitted here. O

Case 4. Forsomep € {0,1}, k, = ko =0, fi_p+2k1—p, <m—1,and f, = m—2.

Without loss of generality, we can assume that kg = ko = 0, f1+2k1 < m—1,
and fo = m — 2. Thus, we have k = k; = 1 and f = fo = m — 2. By (Al)
and (A2), we must have f’ > 1 and k = k$. Without loss of generality, we can
assume that s; is white and ¢; is black. We use (m — 3)-fault 1-bicoverability
of Go.

Procedure BiDPC-I(G, K, F') (See Fig. 4d.)
/* Builds a chain C[1] = {(s1,4), (u,y), (5, t1)} if § # 51 and {s1, (s1,u), (@, 1)}
otherwise. */
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1. Select a free edge uu such that u € V.
2. Find (m — 3)-fault 1-BiDPC[{(u, x)}|Go, Fo \ z] for an arbitrary « € F§’.
Let P = (u, Py,y,x) be its unique path.
3. Merge a path (u, Py,y), linking edges vz and yy, and the following:
(a) 2-BiDPC[{(s1,a), (7,t1)}|G1,0] if § # s1.
(b) 1-BiDPC[{(¢1,u)}|G1, {s1}] and the path (s1) if § = s1.

Lemma 22. Suppose f+2k <m, m >4, k=k =1, f = fo=m—2,
and f§' > 1. Also, suppose that s1 is white and t1 is black. Then, Procedure
BiDPC-I constructs BiDPC[K|G, F].

Proof. The existence of uu at Step 1 is obvious. At Step 2, the existence of the
1-BiDPC is guaranteed by the induction hypothesis. Let us show that existence
of BiDPCs at Step 3. Notice that F} = 0. When § # s1, since 3((s1,u)) =
B((g,t1)) = 0, Lemma 2 applies. When § = s1, since B((¢t1,a)) = —1 and
B(s1) =1, Lemma 4 applies. The proof of the correctness of our construction is
similar to that of Lemma 21. The path (u, P,,y) contains 2™ 1 —(f*+ f*)—3(G)
vertices. Notice that S((F \ z) U {(u,z)}) = B(F) = B(G). Thus, merging
the path (u, Py,y) and the 2-BiDPC of Step 3(a) results in BiDPC[K|G, F.
Similarly, merging the path (u, P,,y), the 1-BiDPC of Step 3(b), and a path
(s1) results in BiDPC[K|G, F]. O

5. Proof of Theorem 1 for f°* > 2

Contrary to the previous section, the case when h*(G) < 0 can be han-
dled easily. So the major portion of this section is devoted to the case when
h*(G) > 0. When h¥(G) > 0 and Procedures BiDPC-C and BiDPC-C1 are
not applicable, we solve a relaxed problem where the solution may contain addi-
tional closed chains (that are not joining source-sink pairs) and the condition (d)
of the Merging Lemma is ignored. Then, we postprocess the relaxed solution in
order to obtain chains satisfying every condition of the Merging Lemma.

By the same way as we got (Al), with no loss of generality, we can assume
that f& > 1 and f? > 1. We can further assume that h*(G) < 0.

Lemma 23. Suppose f +2k <m, m >4, f6 > 1, ff > 1, and h*(G) < 0.
Then, Procedure BiDPC-A, BiDPC-B, BiDPC-C, or BiDPC-C1 can construct
BiDPC[K|G, F] unless

[ =3, f0 =1, f =1, h"(G) > 2, and m > 8. (10)

Proof. From f + 2k < m and fo, f1 > 1, we obtain f, + 2(k, + k2) < m — 1 for
each p € {0,1}. Therefore, Lemma 7 or 8 applies if h*(G) < 0.

We claim that if A% (G) > 0, then Lemma 9 or 10 applies unless h*(G) > 2
and f3’ > 3. Suppose h(G) = 1. From (2), we obtain h"(G) =1 < f + ki —
f&. Since f§ > 1, it follows 3 < f¥+k¥ + f§ and 2h™(G) = 2 < fo+ fa+2ko — 1.
Hence, if kg + ko > 1, Lemma 9 applies. If kg + ko = 0, we have k; = k > 1.
Since fP > 1, it follows f; + fo + 2k; — 1 > 2 = 2h*(G). Hence, Lemma 10
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Figure 5: Illustrations of constructions for the 6-tuple.

applies. Suppose instead that f* < 2. Then, f¥ < 3f% + 268(G) — 1. From
Lemma 11(a), we obtain 2h"(G) < fo + fo + 2ko — 1. If kg + k2 > 1, then
Lemma 9 applies. If ko + k2 = 0, then h*(G) = f& — fb — B(G) < 1, so we are
done. Therefore, we have the claim.

Let f§’ > 3, h(G) > 2, and m < 7. Then, the only possibility is m = 7,
f@=3,f=f=1 h"G) =2, and k = k¢ = 1. Tt is the unique subcase of
m = 7 where the aforementioned lemmas are not applicable. To overcome this
problem, we flip color of every vertex so that f® =3, f¥ =2, and k = k% =1,
and then partition G into two subcubes G}, and G each of which contains at
least one (new) black faulty vertex. This causes no problem since (i) 5(G) still
remains zero, and (ii) if A’(G) > 0 at this point, it suffices to exchange G} and
G. Then, one of the lemmas should be applicable, i.e., Lemma 7 or 8 applies
when A" (G) < 0 and Lemma 9 or 10 applies when h¥(G) > 0 (f¥ < f* = 2).
The proof is finished. U

Hereafter, we assume (10). There exist three white faulty vertices wy, wa,
wsy € FY and two black faulty vertices by € F? and b3 € F}. From (3) and
h¥(G) > 2, it follows fP + kb > 2. So, there exists by € F? U K? other than b;.
The set {wy, wa, ws, by, by, b3} will be called the 6-tuple. We further assume the
following two conditions.

(B1) Either ws, b3 € Voo, w1 € Voor, and wy € Vo (see Fig. 5a)
or wy € Voo, bz € Voo, wa, w3 € Vor, f& =1, and f§; = 0 (see Fig. 5c).

(B2) If {by, by} C F, U K, for some p € {10,11}, then FY UK} = F? U K},

We show that we do not lose any generality by our assumptions. It is safe to
assume that wy, bz € Vyg and we € V1. We distinguish two cases according to
whether w3 € Vyp or not. Suppose for the first case that ws € Vpg. Without
loss of generality, we can assume that ws,bs € Voo and wy € V1. We will
call this arrangement the first canonical form. Suppose for the second case
that w3 € Vp;. Without loss of generality, we can assume that w; € Vg and
bs € Vpo1- We will call this arrangement the second canonical form. If we
have the second canonical form and fj; > 2, then there exists wy € F{g such
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that wy # wy. By renaming wy as ws (and vise versa), we can obtain the first
canonical form. We have a similar argument when f§; > 1. In this way, (B1)
is satisfied. For (B2), we avoid choosing by from F} U K} if possible, where
p € {10, 11} is such that b; € V.

Now, we define our relaxed problem. For a set of units X, let size(X) =
|F(X)| 4+ 2|(X)|. Let us define the notion of regular refinement. For a set of
units X = {x1,z2,...,2,} with 3(X) > 0, and a set of binary strings Q, we
say a set of units Y is a Q-regular refinement of X if Y can be partitioned into
F(X) and pairwise disjoint free and simple chains Y[1],Y[2],..., Y [n'] for some
n’ > n such that

(@) Y[i] = x; ifx; € K(X), Y[i] =0if x; € F(X), and Y[i] is a closed chain
if 1 > n;

(b U?;l Y[i] is Q-separated;

(¢/) for each p € Q, 0 < B(Y,) < B(X);

(¢') for each p € Q, size(Y,) < size(X); and

(f') if K(X) # 0, then for each p € Q, either (J;_, K(Y[i],) # 0 or size(Y,) <
size(X) — |K(X)].

We observe similarities between the conditions of a regular refinement and those
of the Merging Lemma. Here, condition (d’) is intentionally omitted. For a set
of units X, we say X’s Q-regular refinement Y is strong if conditions (¢’) and
(f') hold true even if the term size(X) is replaced with size(X) —I(p). Our first
goal is to find a strong regular refinement of F'U K.

5.1. Phase 1: Building reqular refinements

Let us sketch the construction of regular refinements. Hereafter, P denotes
the set {000,001, 01,10,11}. We will partition F'U K into cells of non-negative
balances, then find P-regular refinements of all the cells. To find regular refine-
ments, we use divide-and-conquer approaches. First, we proceed with subset-by-
subset. Notice that Y[1]UY[2] is a P-regular refinement of X [1]UX[2] for disjoint
unit sets X |[1] and X[2] and their respective P-regular refinements Y [1] and Y[2]
that are disjoint. Second, we proceed with subcube-by-subcube. For example,
if a unit set X has a {0, 1}-regular refinement Y, where Yy and Y7 respectively
have a {00, 01}-regular refinement Z contained in Gy and a {10, 11}-regular re-
finement Z’ contained in G4, then ZU Z’ is a {00, 01, 10, 11}-regular refinement
of X.

We begin by partitioning F'U K into cells with non-negative balances. From
(2) and (3), we can observe that F'U K can be partitioned as follows.

Type-1: 3(G) singletons each containing a white unit in Go.

Type-2: f°+ k° — k§ singletons each containing a unit of balance zero.

Type-3: f& + k§ — 1 sets {w,b}, where w and b respectively are a white
and a black unit in Gy, and f{* + kY’ sets {w’,b’}, where w’ and b’
respectively are a white and a black unit in Gj.

Type-4: h¥(G) — 2 sets {w,b}, where w € F' U K¥ and b € F? U K?.
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Type-5: The 6-tuple {wy, ws, w3, by, ba, bs}.

Type-6: kb sets {(s,t),w}, where (s,t) € K& and w € F' UKY.

Type-7: kY sets {(s,t),b}, where (s,t) € K¥ and b € FY U K?}.

Type-8: ko sets {(s,t),w,b}, where (s,t) € K2, w € F* UK, and
be FPUK?.

Type-9: k2" singletons {(s,t)}, where (s,t) € K.

We will construct a strong P-regular refinement of FFUK as follows. Initially,
we let Z = F'U K. For each cell of the partition, say X, we find its P-regular
refinement, say Y. Especially for the 6-tuple X, we find X’s strong P-regular
refinement, say Y*. Whenever a cell X is refined to its P-regular refinement Y,
we update Z = (Z \ X)UY. Therefore, after every cell is refined, Z becomes a
strong P-regular refinement of F'U K.

We present five procedures. Procedures Regular-A and B consider sets of
types-1, 2, and 3. Procedures Regular-C and E respectively consider sets of
type-4; and types-6, 7, 8, and 9. Procedure Regular-D constructs the set Y*
that is a strong P-regular refinement of the 6-tuple.

Before we proceed to the detailed construction, let us give some notation.
For a vertex u, 4 denotes the u’s neighbor such that v and @ differ in the second
bit; @ denotes the mate of @ (see Fig. 6¢ for an illustration). A depth-1 free
corner is a vertex u such that uu, ut, ud, and @u are all free with respect to
Z. A depth-2 free corner is a vertex u such that ut, @4, ui, and Gu are all free
with respect to Z, where % is the u’s neighbor such that v and @ differ in the
third bit and @ is the common neighbor of @ and @ other than u. We claim that
there exist enough number of free corners and edges that are free with respect
to Z for our construction. The existence proof is deferred to Lemma 24.

A type-3 set X = {w,b}, where w is a white unit and b is a black unit, is
bad if each of G and G,1 contains either of w or b for some p € {0,1,00};
otherwise it is good. Given a type-1 or 2, or a good type-3 set X contained in
Gy (or possibly a set of two vertex pairs with balances zero that are contained
in either Gy or Gp), Procedure Regular-A returns X’s P-regular refinement
contained in Gj. It is assumed that the binary string p is a prefix of an element
of P such that X is contained in G,. We enumerate elements of K(X,2) as
(s1,th), (s5,85), ..., (8}, /), where k’ denotes |K(X,2)|. We assume that s] €
Vpo for each (s),t)) € K(Xp2).

1) 71

Procedure Regular-A (G, Z, X, p) (See Fig. 6a)

0. f X =0, X C F°, or p€P, then return X.
1. Select k' edges u;v; that are free with respect to Z for 1 < 7 < &k’ such
that u; € va()7 V; € Vpl, and
(a) —hL(K(X),F(X)) ones are from EZ’{“ and —hy' (K(X), F(X))—-B(X)
ones are from £
(b) wu; € Voo, if p =0, where r € {0, 1} is such that s; € Voo(1—pr).-
2. Put Y = (X \ K(Xp2)) U{(s],us), (v, ;) : 1 <i <K'},
3. Put Y'=Regular-A(G, ZUY, Y,0, p0) and Y""=Regular-A (G, ZUY, Y,1,pl).
Return Y/ UY”.
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Figure 6: Illustrations for P-regular refinements.

The Regular-A procedure works as follows. It computes a {p0, pl}-regular
refinement of X at Steps 1 and 2, and then recursively refines it to a P-regular
one at Step 3. At Step 1, the selection of free edges (with respect to Z) is
very similar to that of free edges in Step 1(b) of Procedure BiDPC-A. From the
construction and the proof of Lemma 7, we can deduce that Y is a {p0, pl}-
regular refinement of X. It is obvious that Y is contained in G),. For Step 0,
notice that if X is an empty set, a type-2 set consists of one faulty edge, or a set
contained in G), for some p € P, then it is a P-regular refinement of itself. We
claim that, when Step 3 is reached, each of Y,,o and Y, is (i) an empty set; (ii)
a type-1, 2, or a good type-3 set; or (iii) a set of two vertex pairs with balances
zero. The case (iii) may happen when X is a good type-3 set such that X C Ky
or X C Kjs. Notice that each of Y,y and Y,; contains at most two units and
0 < B(Yp0), B(Yp1) < 1. Hence, it suffices to show that none of them is a bad
type-3 set. Since Yy1, Y11, and Yig cannot be bad by definition, it suffices to
check Y0 when p = 0. If k" > 1, then (s}, u1) is a vertex pair between Vjoo and
Voo1, so Ypo cannot be bad. When k' = 0, we can check that Yyq is bad only
if X is bad, too. Thus, the claim is proved. Hence, Y’ and Y are P-regular
refinements of Yo and Y1, respectively. Notice that our usage of Z UY in
recursive calls guarantees that chains in Y/ UY” are free and disjoint. Also,
notice that Y’ and Y are contained in Gpo and Gp1, respectively. Therefore,
Y’ UY"” is a P-regular refinement of X contained in Gp,.

The Procedure Regular-A above will be utilized as a subroutine for other
procedures. We observe that for any type-1 set X, its regular refinement Y
satisfies B(Yp) = 1 and B(Y10) = B(Y11) = 0. Since cells of other types are of
balance zero, we will eventually have 5(Z10) = 8(Z11) = 0.

Given a bad type-3 set X, Procedure Regular-B returns its P-regular re-
finement Y by adding a closed chain. It is assumed that X = {w,b}, and
p € {0,1,00} is such that each of Gy and Gp1 contains either w or b.

Procedure Regular-B(G, Z, X, p) (See Fig. 6b)

L. Case hy (K(X),F(X)) = 1. Let u be a depth-I(p) free corner contained
in Vpbo. If p =0 and w is contained in G,, where r € {000,001}, then u
should be chosen from V/?.
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2. Case hb(K(X),F(X)) = 1: Let u be a depth-I(p) free corner contained
in Vj§. If p = 0 and b is contained in G, where » € {000,001}, then u
should be chosen from V;*.

3. Put Y = XU{u,v, (v',u)}, where v, v, and v’ respectively are the unique
members of N(u) N Vp1, N(v) NVya_g), and N(u) N Vg, where p’
denotes the prefix of p of length I(p) — 1 and ¢ denotes p’s last bit.

4. (a) Case p=00: Return Y.

(b) Case p = 0: Put Y'=Regular-A(G,Z UY,Yy,1) and Y"'=Regular-
A(G,Z UY,Y00,00). Return Yo UY'UY".
(c) Case p =1: Put Y'=Regular-A(G, ZUY,Yy,0). Return Y; UY".

The Regular-B procedure works as follows. Steps 1, 2, and 3 add a closed
chain {u,v, (v',u’)}. When Step 4 is reached, it is easily seen that Y is a
{p0,p1,p'(1 — gq)}-regular refinement of X. Notice that Y,o and Y}, are good
type-3 sets and Y,/ (1_g) is a type-2 set. Step 4 further refines Y into a P-regular
one.

The Procedure Regular-C returns a P-regular refinement of a type-4 cell X
by adding a closed chain that contributes one black unit to Gy and one white
unit to Gy. We assume that X = {w,b}, w € F UKY, and b € F? U K?.
Without loss of generality, we can assume that if w € Kpe and w = (s,t), then
s € Vyo and that if b € K5 and b = (s/,¢), then s’ € V4.

Procedure Regular-C(G, Z, X)) (See Fig. 6¢)

1. Select two depth-1 free corners u € Vi and v € V¥ such that u € V% if
w is contained in Gogo, and u € V), otherwise.

2. (a) Case w is in Goo: Put Y = {(v, @), u, w}.
(b) Case w is in Goi: Put Y = {w, v, (0,u)}.
(c) Case w € Kpo: Put Y = {(s,u), (v,t)}, where w = (s, t).

3. (a
(b) Case bisin Gii: Put Y =Y U{(,?),v,b}.
(c) Case b € Ko and w ¢ Kpo: Put Y = Y U {(s',0), (a,t')}, where
b= (s,t).
(d) Casebe Ko and w € Kgo: Put Y =Y U {b, (ﬂ,’l_})}.
4. Put Y'=Regular-A(G, ZUY, Yy, 00). Put Y"=Regular-A(G, ZUY, Y1, 1).
Return Yy UY' UY”.

The selection of u at Step 1 prevents Yo from being a bad type-3 set. Notice
that Steps 2(a), 2(b), 3(a), and 3(b) construct a v-u chain in Gy and a @-v chain
in G1. When Step 4 is reached, Y is a {00, 01, 1}-regular or {00,01,10,11}-
regular refinement of X. Step 4 further refines it to a P-regular one.

The Procedure Regular-D returns a set Y*, a strong P-regular refinement of
the 6-tuple X, using two chains each of which contributes one black unit to Gy
and one white unit to G;. We assume that if b, an element of X, is a member
of K1z, then s € Vi1 and t € Vi, where by = (s,t). If by € FP U K?,, then the
refinement Y* will have a single chain, which is an s-t chain if by € K?, (see
Fig. 5a) and a closed chain if by € F? (see Fig. 5b). If by € K%, or by € K?,,
then Y* will have an s-t chain and a closed chain (see Fig. 5¢).

Procedure Regular-D(G, Z, X) (See Fig. 5)

)
)
g Case b is in Gyo: Put Y =Y U {b,u, (4,7)}.
)
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1. Select four depth-1 free corners 1, v2, d1, and d2 such that v;,7v2 € Vobm
and d1,d € Vobl for the first canonical form and vy, € VObOO and d1,d, €
V&, for the second canonical form.

2. Put C=Regular-C(G, Z, {w1, b1 }) and C"=Regular-C(G, Z, {wa, b2 }), where
we use v; and &1 for C, and 72 and &3 for C” instead of selecting v and v,
respectively.

3. Put Y* = C; UC] U D, where D = {(71,72), (02,01)} if the 6-tuple is in
the first canonical form; D = {(y1,72), 2, (d2,01), 01} otherwise.

4. Put Y* = (Y*\K(C))U{(y,z) : (z,y) € K(C1)}.

5. Return Y*.

The Regular-D procedure works as follows. Steps 1 and 2 construct two
chains C and C’. Step 3 merges the two chains into a set Y*. At this point,
Yy contains a yi-72 chain and a d2-0; chain, and Y;* contains a *71—51 chain. At
Step 4, in order to merge these three chains into a da-v2 chain, we convert the
41-01 chain into a 0;-; chain by taking the reverse of ordered pairs. Now, the
82-72 chain and a -0 chain in Y7¥, if exists, collectively form a closed chain or
we obtained an s-t chain if by = (s,t) and by € K.

It is straightforward to check that Y™ is a string P-regular refinement of
X. For example, let us think of a case when we have the first canonical form,
by € F}y, and by € K%, (see Fig. 5a). Let by = (s,t), where s € V) and t € V.
The resulted set Y* is partitioned into Yy, = {ws,bs}, Yoo; = {w1, (71,72)},
YO*l - {w25 (52751)}5 be = {(’}72715)7 (617771)}’ and Yl*l = {b1a517 (5752)} Condi-
tions (a’), (b’), and (¢’) can be checked easily. From size(Yy,) = 2 < 7—1(000),
size(Ygh,) = 3 < 7—1(001), size(Yy;) = 3 < 7—1(01), size(Yyy) =4 < 7—1(10),
and size(Y7y;) =4 < 7 —1(11), we conclude that Y™* is a strong P-regular refine-
ment of X. Other cases can be checked similarly.

In Phase 2, it will be useful that Y* has a chain that contains vertex pairs in
both G109 and G717 unless both b; and by are contained in either Gy or G11 (see
Fig. 5). By (B2), it occurs only when all the black units in G are contained in
either G1g or G1;.

Given a type-6, 7, 8, or 9 set X, the following Procedure Regular-E returns
a set Y that is a P-regular refinement of X.

Procedure Regular-E(G, Z, X) (See Fig. 6d)

1. Select an edge ua that is free with respect to Z, such that u € V. and
(a) Case (s,t) ¢ Ky': r € {0,1} is such that s € Vj1_p).
(b) Case (s,t) € K3': 7€ {0,1} is such that ¢ € Vi(;_,.
2. (a) Case (s,t) € Ko, (u,t) is in Gyp, and b is in Gi(1—p) for some
p € {0,1}: Select two edges y§ and zZ that are free with respect to
Z, such that y, z € Vlbp. Put Y = {b,w, (s,uw), (u,y), (7, 2), (2,t)}.
(b) Case otherwise: Put Y = X, U X7 U {(s,u), (@,t)}.
3. Put Y'=Regular-A(G, Z U Y,Y;,0) and Y"=Regular-A(G,Z U Y,Y1,1).
Return Y/ UY”.
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Step 1 prevents Yy and Y7 from being bad with the unique exception that is
handled in Step 2(a). Step 2(a) constructs a set Y that is a {0, 10, 11}-regular
refinement of X such that Yy, Yip, and Y71 are not bad. Step 2(b) builds a set
Y that is a {0, 1}-regular refinement of X such that neither Yy nor Y; is a bad
type-3 set. Then, at Step 3, Y is refined to a P-regular one.

Now, it is the turn to show that these constructions are possible.

Lemma 24. There exist enough number of edges that are free with respect to
Z and free corners for Procedures Regular-A, B, C, D, and E.

Proof. Tt suffices to show that there remain free corners after all the cells are
refined, which implies the abundance of inter-subcube edges that are free with
respect to Z. We have Z = J,cp Zp U F”, where F” is the set of faulty edges
contained in no G, for p € P. By condition (¢’), for each p € P, size(Z,) <
size((FUK)\ F') —l(p) = size(FUK) — |F'| = l(p). Hence, size(Z) = [U(Z)| <
5-size(FUK) =5/F| - B+3+24+2+2)+[F'| <5 size(FUK) —12.
Let us count depth-1 free corners in V{,. There are 2™~ candidates, i.e.,
vertices in V{,. Faulty graph elements and terminals together block at most
size(FUK) (= [U(F UK)| = f+ 2k) candidates. We observe that for each
u € U(Z)\U(FUK), where u must be a nonterminal vertex, there exists a linking
edge uv for some v € {4, @, 4}, which implies v € U(Z). Since u and v together
can block at most one candidate, vertices in U(Z) \U(F U K) additionally block
at most |[U(Z)\U(FUK)|/2 =2 size(FUK) —6=2(f+ 2k) — 6 candidates.
If m > 9, then 2m~* — (f +2k) — (2(f +2k) —6) > 2™ —3m +6 > 11, so
we are done. If m = 8, then 2% — 3m + 6 > —2. However, this bound is not
tight because colors and locations of vertices are not considered. For example,
let us think of the case where we have the first canonical form. It is regarded
that two faulty vertices w3 and wy block two candidates and =1, 2, d1, d2, and
their four neighbors block four candidates. However, we can observe that they
do not block any candidates (see Fig. 5a). Therefore, there remain at least four
non-blocked candidates. By the same manner, we can show that there remain
at least two free corners of other kinds. The proof is finished. O

Remark 1. Concerned with the strong P-regular refinement Z of F' U K con-
structed in Phase 1, it is worth noting that size(Z,) < size(F U K) — l(p) <
m—1(p) for every p € P, and size(Z,) < size(FUK)—1(q) —|K| <m—I(q) — K|
for each g € P such that no s;-t; chain for 1 <1i < k has a verter pair contained
in Zy.

Remark 2. Furthermore, every linking edge of Z between Gg and G joins a
vertex in V[)b and V{¥. In addition, for every closed chain C, there exist p,q € P
(depending on C) such that Z, NK(C) # 0 and Z, N K(C) # 0.

5.2. Phase 2: Postprocessing

Now, we have a set Z that is a strong P-regular refinement of FUK. We will
remove the additional closed chains and let chains joining the original source-
sink pairs collectively have vertex pairs in every subcube.
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We denote by C[i], where 1 < i < n for some n > k, a chain constructed in
Phase 1. We assume that C[i] is an s;-t; chain for 1 < i < k and is an additional
closed chain for ¢ > k. We denote R = Ule Cli] and L = U;_,,, Cli], so
Z=FURUL. Let ®, = m — l(p) — size(Z,). By condition (f'), if L(R,) =0,
then @, > k (see Remark 1).

Although the condition ®, > 0 is necessary to apply the induction hypoth-
esis to Gp, it is stronger than what we actually need. We know that ®, > 0
and K(Z,) # 0 imply the existence of P,=BiDPC[K(Z,)|G)p, F(Z,)], but the
converse is not always true. Let us say that the set Z is fine if (i) it satisfies
conditions (a'), (b’), and (c¢’) of P-regular refinement with respect to F'U K, (ii)
the existence of P, is guaranteed for each p € IP such that K(Z,) # 0, and (iii)
size(Z,) < size(FUK) —I(p) — | K| for each p € P such that K(Z,) = 0. If Z is
a strong P-regular refinement of F'U K, then Z is fine by definition. In order to
obtain a fine set Z with fewer additional closed chains, we use four operations:
CycleMerge, Stretch, Propagate, and Join.

We use an undirected graph H for analysis, where the vertex set V(H) =P
and pq is an edge of H if there exist some C[i], 1 < i < n, that passes through
both G, and G, via vertex pairs, i.e., K(C[i],) # 0 and K(C[i],) # 0.

We remove additional closed chains by merging them into chains joining
source-sink pairs. The following Operation CycleMerge repeatedly merges a
closed chain into some other chain, which is possibly an additional closed chain.

Operation CycleMerge(p)

1. Repeat until no more update is possible.

(a) Choose two chains C[i] and C[j] such that 1 < i < n, j > k,
K(Clil,) # 0, and K(Clj],) # 0. Let (u,v) € K(Cl,) and (z,y) €
K(Cljlp)-

(b) Update Cli] = (C[i] \ (u,v)) U (C[]\ (z,)) U{(u,y), (z,v)}

(c) Put C[j] = 0.

The CycleMerge operation decreases the number of additional closed chains
by one at every iteration of the main loop. After CycleMerge(p) is applied, if
K(Ry) # 0 (resp. K(Rp) = 0), then there remains no (resp. at most one) addi-
tional closed chain C[j] having vertex pairs in G,. Provided ®, > 0, applying
CycleMerge(p) preserves the strong P-regular refinement property and the fine
set property as shown below. Also, the connected components of H remain
unchanged.

Lemma 25. Suppose thatp € P, ®, > 0, and Z is a strong P-regular refinement
of FUK. If CycleMerge(p) is applied, then (a) Z remains a strong P-regular
refinement of FUK and (b) the connected components of H remain unchanged.

Proof. To prove part (a), we show that the conditions (a’) through (f') still
hold true. Let us represent C[i] and C[j] respectively as {C1, (u,v), C2} and
{C3, (z,y),C4}, where C'1 through C4 are sequences of vertices and vertex pairs.
The exchange of Step 1(b) inserts C[j] into C[i] in the form of {C1, (u,y),C4, C3,
(z,v),C2}. Tt is obvious that if 1 <7 < k, then C[i] remains an s;-t; chain and
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that if ¢ > k, then C[¢] remains a closed chain that does not join any source-sink
pair. Also, it can be easily seen that C[i] remains free, simple, and disjoint to
other chains. Notice that the set of linking edges of C[j] is merged into that of
Ci]. Since two vertex pairs (u,y) and (z,v) are contained in G,, it is obvious
that RUL is still P-separated. Notice that for each p € PP, the values of size(Z),)
and 5(Zp) are preserved. The proof of part (a) is finished. The part (b) is
obvious since no edge of H is removed and a new edge qr can be added only if
there exist edges gp and pr in H. O

Lemma 26. Suppose thatp € P, ®, > 0, and Z is a fine set. If CycleMerge
(p) is applied, then (a) Z remains a fine set and (b) the connected components
of H remain unchanged.

Proof. The proof is similar to that of Lemma 25. Notice that if ¢ € P and g # p,
then Z, remains unchanged. Hence, if the existence of BIDPC[K(Z,)|Gy, F(Z,)]
was guaranteed before applying CycleMerge(p), then it is still guaranteed. For
G, the induction hypothesis applies since ®, > 0. O

As the first step of Phase 2, we apply CycleMerge(p) for every p € P. By
Lemma 25, Z remains a strong P-regular refinement of FUK. At this point, if we
have K(R,) # 0 for every p € IP, then there remains no additional closed chains.
That is, L = ) and F' U R is fine. Therefore, we can obtain BiDPC[K|G, F] by
finding BiDPC[K(R,)|Gp, F, U F(R,)] for every p € P and merging them using
the linking edges.

Let us sketch our construction in view of the graph H. It is assumed that
CycleMerge(p) is applied for each p € P. Let p,q € P be such that pq is an
edge in H. Suppose K(Rp) # 0. Then, K(L,) = 0. There exists a chain C[i]
such that K(CJi],) # 0 and K(C[i],) # 0, where 1 < i < n. Since K(L,) = 0,
it follows 1 < ¢ < k. Thus, K(R,) # 0. In this way, we deduce that if p and
q are connected in H, then either K(R,),K(R,) # 0 or K(R,) = K(R,) = 0.
Therefore, we are done if H becomes connected or there exists some p € P such
that IC(R,) # 0 for each connected component of H.

Let us describe Operation Stretch. A subchain {z, (y, 2)} is (p, q)-stretchable
ifpgeP,zeVyyzeVy @,>1; &, >0; and {z, (y,2)} C C[i] for some
1 < i < n, where zy is a linking edge. Given a (p, q)-stretchable subchain
{z, (y,2)}, the following operation ‘stretches’ the vertex z into a vertex pair
(x,2), where 2’ € V,,.

Operation Stretch(z, (y, 2))

1. Select 2’ € V,, such that 8(z') = B(z) and z'y’ is free with respect to Z,

where y' € N(z')NV,.

2. Update Cli] = (Ci] \ {z, (y,2)}) U{(z,2"), (¥, 2)}.
3. Apply CycleMerge(p).

Lemma 27. Suppose that Z is fine. Let {z,(y,z2)} be a (p, q)-stretchable sub-
chain. Let P and Q be the connected components of H containing p and q,
respectively. If Stretch(z, (y,z)) is applied, then (a) Z remains a fine set and
(b) PUQ becomes a connected component of H.
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Proof. The proof for part (a) is similar to that in Lemma 25. At Step 2, the
condition (f') may be invalidated in G,. Notice that we have ®, > 0 since
®,, is decreased by one, and we obtained K(Z,) # 0. Thus, the existence
of BIDPCI[K(Z,)|G,F(Z,)] is guaranteed by the induction hypothesis. The
existence of the edge z'y’ is due to the proof of Lemma 24. The part (b) is
obvious. O

The following Operation Propagate uses the Procedure BiDPC-B.
Operation Propagate(q, p)

1. Identical to Steps 1 and 2 of BiDPC-B(G,K(Z),F(Z), q,p).

2. Update C[i] = (C[] \ (s,1)) U {(s,u), (v, v"), (v,t)}, where 1 < i < n is
such that (s,t) € C[q].

3. Apply CycleMerge(p).

Lemma 28. Suppose that Z is fine, @, > =5, ®, > 2, and every vertezx of V,
has a neighbor in V,, where p,q € P. Let P and Q be the connected components
of H containing p and q, respectively. If Propagate(q,p) is applied, then (a) Z
remains a fine set and (b) P U Q becomes a connected component of H.

Proof. At Step 1 of Procedure BiDPC-B, there exists P, since Z is fine. We
claim the existence of the edge uv required in the Procedure BiDPC-B. In the
proof of Lemma 8, (9) is a lower bound of the number of nonblocked candidates
for uv. Notice that f© < m — 7. By substituting 2™~ f, + kg, f2, and f,
respectively by 249 m —1(q) +5, m — 7, and m — I(p) — 2 at (9), we obtain
2m=H9) — Gm + 21(p) 4 21(q) +8. Since p, q € P, it follows 2719 — 6m 4 21 (p) +
2l(q) +8 > 2m~3 — 6m + 18 > 2. The claim is proved. Part (a) is obvious from
the construction and the proof of Lemma 8. Notice that ®, > 0 since ®, is
decreased by two. Part (b) is obvious. O

We remark that there exists a simple construction when k& > 2. In this case,
Propagate operation can be repeatedly applied to make the graph H connected.
Since applying Propagate(q,p) decreases ®, by two, the condition &, > —5
indicates that we can apply Propagate(q,p) for a fixed ¢ at least three times,
where p,q¢ € P and p is not fixed. For example, suppose that K(Rggo) # 0,
and K(R,) = 0 for each p € P\ 000. Let us apply Propagate(000,001),
Propagate(000,01), and Propagate(000,10). Notice that we do not need to
find BiDPC[X(Zo00)|Gooo, F(Zooo)] each time and that the third application
is possible since the first two do not make ®g399 < —4. Finally, applying
Propagate(01,11) makes H connected, and it is finished.

A subchain {x,a} is (p, q)-joinable if all of the following are satisfied: (i)
{z,a} C C[j] for some j > k, and « is a vertex y or a vertex pair (y, z),
where zy is a linking edge; (ii) p,q € P, z € V,,, y € V,, (or y,z € V), and
®, > 0; (iil)) &, > 1if a =y and &, > 0if o = (y,2); (iv) B(Z,) =0, k =1,
B(s1) = B(tr) = —B(x), Cl1] = {(s1.t1)}, and K(Zy) = {(s1,t1)}; and (v) the
edge uu' is free with respect to Z if u € N(t1) NV, is free with respect to Z,
where v’ € N(u) N'V,.
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Given a (p,q)-joinable subchain {z,a}, the following operation joins the
closed chain C[j] that contains {z,a} into the chain C[1]. This operation is
designed to cover special cases where Stretch and Propagate operations are not
suitable.

Operation Join(z, )

1. Find P=BiDPC[{(s1,)}|Gp, F(Z,) \ z]. Let P = (s1, Py, u,t1, Py, ) be
its s1-x path.

2. Case a = (y, 2): Put C[1] = {(s1,u), (u', 2)}U(C[i]\{z, (y, 2) }) U{(2, 1)},
where v € N(u) NV,. Put C[j] = 0.

3. Case o = y: Put C[1] = {(s1,u), (v, y)}U(C[i]\ {=, y}) U{(z,t1)}, where
v € N(u) NV,. Put C[j] =0.

4. Apply CycleMerge(q).

Lemma 29. Suppose that Z is fine. Let {x,a} be a (p,q)-joinable subchain.
Let P and @ be connected components of H containing p and q, respectively. If
Join(x,a) is applied, then (a) Z remains a fine set and (b) PUQ or one of its
superset becomes a connected component of H.

Proof. The Join operation works as follows. The existence of P is guaranteed by
the induction hypothesis. Since 8(Z,) = 0 and B((s1,t1)) + B(z) = B((s1,2)),
P is a Hamiltonian path of G, \ (F(Z,) \ ). Hence, the path P has the form of
(s1, Py, u,t1, Py, x). Since s1 and t; have the same color, it follows u # s1. At
this point, u, v/, and uu’ are free with respect to Z. Notice that the chain C[j]
with the subchain {z, (y, 2)} (resp. {x,y}) removed is a z’-z’ chain (resp. a y'-z’
chain), namely D, where 2z’ € N(z) (resp. ¢ € N(y)) and 2’ € N(z). Steps 2
and 3 merge C[j] into the s1-t; chain in the form of {(s1,u), (v, z), D, (z,t1)}
(resp. {(s1,u), (v,y),D, (z,t1)}). Now, the s1-t; chain C[1] passes through G,
and G, via vertex pairs. For the proof of part (a), conditions (a’) and (b’) are
obvious from the arguments above. Since B({(s1,u), (z,t1)}) = B({(s1,t1),2})
and B(u’') = B(y), condition (¢’) follows. The two paths (s, Py, u) and (¢1, Py, x)
form BiDPC[K(Z,)|G,p, F(Z,)], and the existence of BIDPC[K(Z,)|G,, F(Z,)]
is guaranteed by the induction hypothesis. Notice that Z,. is not changed in any
r € P\ {p,q}. Therefore, part (a) is proved. Let us consider part (b). If a is
a vertex pair, P U @ becomes a connected component of H. However, when «
is a vertex, PUQU {r € P : K(C[j],) # 0} becomes a connected component of
H. O

Now, we will apply these operations to construct BiDPC[K|G, F].

Lemma 30. Suppose that f + 2k < m and (10) is true. Then, there exists
BiDPCIK|G, F].

Proof. Let Z be the strong P-regular refinement of FUK constructed in Phase 1.
Apply CycleMerge(p) for every p € P. If K(R,,) # 0 for each p € P, then L = ()
and F'U R is a strong P-regular refinement of F'U K. Therefore, we can obtain
a desired BiDPC by finding BiDPC[K(R))|G,, Fp U F(R,)] for every p € P
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and merging them using the linking edges. Thus, in what follows, we assume
that H has at least two connected components: one contains p € P such that
K(R,) # 0 and the other does not. We will show that Stretch, Propagate,
and Join operations can be applied to make H connected or every connected
component of H contains some p € P such that K(R),) # 0, where p varies by the
connected component. We distinguish two cases according to which canonical
form is being used.

Case 1. The 6-tuple is in the first canonical form.

By Procedure Regular-D, H has a connected component that is a superset of
{001,01,1(1—1%)}, where ¢ € {0, 1} (see Fig.s ba and 5b). Also, K(Rggo) = ) only
if ®gpp > 2. This is because size(Yyh) = 2 < size(X) — [(000) — |[K(X)| — 2 for
the strong P-regular refinement Y™* of the 6-tuple X and size(Y{,,) < size(X')—
|K(X7)| for the P-regular refinement Y’ of any cell X’ other than the 6-tuple.
Similarly, we have K(Rg1) = 0 only if ®p; > 2. We distinguish three subcases
according to the partition of P that is determined by H’s connected components.
Case 1.1. There are two connected components {001,01, 10,11} and {000}, or
{001, 01, 1(1 — i)} and {000, 1i}.

Suppose K(Rogo) # @. Then, we have K(Rp1) = 0, so ®g; > 2. By
Lemma 28, applying Propagate(000, 01) suffices. Otherwise, we have KC(Rggo) =
0, K(Roo1) # 0, and ®ggg > 2. Therefore, applying Propagate(001, 000) suffices.
Case 1.2. There are two connected components {000,001,01,1(1 —4)} and
{14}.

Since 10 and 11 are disconnected in H, due to the construction of Procedure
Regular-D, we deduce F? U K? = F, U K?.. There exists a subchain {z, (#, z)}
in RU L such that € Vi and z € Vi(1_), where 2 is a linking edge. (For
example, when ¢ = 0, Y* contains {72, (72,d2)} (see Fig. 5b), where 2, 72, and
5y respectively correspond to z, Z, and z.) The existence of such a subchain
is preserved under the CycleMerge operation. Note that this property holds
without regard to the canonical form being used.

Suppose K(R1;) = 0. Then, ®;; > 1. Hence, {z,(Z,2)} is (17,1(1 — 4))-
stretchable, so Lemma 27 applies. Suppose instead that K(Ry;) # 0. Then,
K(Ria-yy) = 0 and ®y1_; > k. If &3, > 1, we apply Stretch(z, (2,2)). If
®1(1—s > 2, we apply Propagate(1i,1(1 —i)). Lemmas 27 and 28 guarantee
their correctness. Let ®3; = 0 and ®y1_; = 1. We claim that {z,(%,2)}
is (14,1(1 — 4))-joinable. By Lemma 29, provided the claim is true, applying
Join(z, (Z, z)) suffices. Notice that our construction does not change Z.

Let us prove the claim. We use the subchain {z, (%, z)}. That is, a = (%, 2).
The conditions (i) through (iii) of (p, ¢)-joinability, where p = 1i and ¢ = 1(1—1)
are obvious by the arguments above. Recall that we have 3(Z19) = 8(Z11) =
0 at the end of Phase 1. Since CycleMerge operation preserves §(Z10) and
B(Z11), we still have 3(Z1;) = 0. Supposing k > 2 leads to ®;(;_;) > 2, which
contradicts ®1(;_;) = 1. Thus, k = k1; = 1. Suppose to the contrary that there
exists a source-sink pair (s,t) € K4 U K¢,. If (s,t) € K%, then there exists a
type-3 good cell {(s,t),b} that is refined in Phase 1, where b € F}; U K?,; recall
that FP,UK?, = [} UK?. We observe that such a type-3 set contributes at least
three to ®(;_;), which is a contradiction. In a similar way, we can show that
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supposing (s,t) € K° leads to a contradiction. Hence, we have 3(s1) = B(t1) =
—B(x). From (s1,t;) € K?,, we observe that C[1] = {(s1,%;)} when Phase 1 is
terminated. Suppose to the contrary that we had K(Lq;) # @ when Phase 2 is
reached. It implies that, by Remark 2, 1 and some p € P\ 17 are connected in H,
which is a contradiction. Hence, we conclude that K(L1;) = 0, C[1] = {(s1,t1)},
and K(Z1;) = {(s1,t1)}. The condition (iv) is verified. Suppose, to the contrary,
that a vertex u € N(t;) N Vy; is free with respect to Z and w@ is not. Then,
u is a white vertex. Since each member of FYy, contributes one to ®y(;_;),
ut must be fault-free. There is no possibility of @ being a faulty vertex or a
terminal since FY = F}, and k = k;; = 1. The remaining possibility is that
a€eU(Z)\(FUSUT). Since @ is a black vertex in Gy, it always appears in the
form of a linking edge uu in the construction of Phase 1, by Remark 2. Recall
that the set of linking edges is preserved under CycleMerge operations. Hence,
u is not free with respect to Z, which is a contradiction. The condition (v) is
verified. Therefore, we have the claim.

Case 1.3. There are three connected components {001,01,1(1 —4)}, {1¢}, and
{000}.

We first handle Gy, then apply the construction of Case 1.2 to G;. Suppose
K(Rooo) # 0 and K(Ro1) # 0. Then, we have (i) K(R,) # 0 for any p €
{000,001, 01,1(1 — i) }. Suppose otherwise. If K(Rggpo) = 0, i.e., Pggp > 2, then
we apply Propagate(001,000). If K(Rgoo) # 0, i.e., K(Ro1) = 0 and ®g; > 2,
then we apply Propagate(000,01). By doing so, we obtain that (ii) H contains
two connected components {001,01,1(1 — ¢),000} and {1i}, which is the same
as Case 1.2. For applying the construction of Case 1.2, there is essentially
no difference between (i) and (ii). It is finished if I(R,) # (0 for each p € P;
otherwise, applying the construction of Case 1.2 establishes this condition. Since
the construction of Case 1.2 does not change Zj, the constructions in G and
(1 can be done independently.

Case 2. The 6-tuple is in the second canonical form.

By Procedure Regular-D, H has a connected component that is a superset
of {000,001,1(1 —4)} for some ¢ € {0,1}. There are four subcases.

Case 2.1. There are two connected components {000,001, 10,11} and {01}.

There exist subchains {Jg, (02, 2)} and {1, a} in RU L, where z € Voo, and
@ is either a vertex §; or a vertex pair (dy,2'), where 2’ € Vi; (see Fig. 5c).
They stem from Y* of the 6-tuple. Suppose K(Rp1) = @. Then, ®g; > 1, so
{92, (6~2, z)} is (01, 001)-stretchable. Hence, Lemma 27 applies. Suppose instead
that C(Ro1) # 0. If g1 > 1, we apply Stretch(d, (5~2,z)) If &1 > 2, we apply
Propagate(01,11). Lemmas 27 and 28 guarantee their correctness. It remains to
consider the case where ®5; = 0 and ®1; = 1. In this case, applying Join(dy, )
suffices. We can show that {01, a} is (01, 11)-joinable with arguments similar
to the ones in Case 1.2. Notice that there was no type-1 cell in Phase 1 since
a type-1 cell consists of a faulty vertex (resp. a source-sink pair) contributes
1 (resp. 2) to ®1;. From this and ®1; = 1, we obtain $(Zp;) = 0. Also,
from the case condition and k = kg1, we can deduce that for each white vertex
veU(Z)\(FUSUT) in Vq1, there always exists a linking edge v7.

Case 2.2. There are two connected components {000,001,01,1(1 —4)} and
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{14}.

The proof for this case is identical to that of Case 1.2.

Case 2.3. There are two connected components {000,001, 1(1—:)} and {17, 01}.

By the construction of Procedure Regular-E, there is no possibility of being
ko > 1. Hence, ko = 0 and there exists an additional closed chain that contains
vertex pairs in G1; and in Gg;. Such a chain exists only if Procedure Regular-C
is invoked with a type-4 cell {w, b}, where w is a white unit in Gop and b is a
black unit in Gy(1—;. By (Bl), w is a source-sink pair. Therefore, it suffices
to consider when K(Rp1) = 0 and ®p; > 1. Since there exists a (01,001)-
stretchable subchain {45, (5~2,z)}, where z € Vpo1, applying Stretch(ds, (5~2,z))
suffices.

Case 2.4. There are three connected components {000,001, 1(1—4)}, {1¢}, and
{01}.

If ®1; > 1, then there exists a (1¢,1(1 — 7))-stretchable subchain {z, (Z,2)}
for some x € Vi} and 2z € Vi(1_;). If ®o1 > 1, then there exists a (01,001)-
stretchable subchain {ds, (6~2, z")} for some 2z’ € Vjo1. Notice that ®1; = 0 only
if kK = k1; and that ®g; = 0 only if k£ = kg;. Thus, both &;; =0 and $g; =0
cannot occur simultaneously. If ®1; > 1 and ®¢; > 1, applying Stretch(z, (Z, 2))
and Stretch(ds, (5~2, z")) suffices. Suppose ®1; = 0 and ®Pp; > 1. Then, k = ky;.
Proceeding with the construction of Case 1.2, we apply Propagate(1i, 1(1—1)) if
®1(1-4) > 2 and we apply Join(z, (£, 2)) if @1, = 0 and @11 = 1. fKC(R,) # 0
is obtained for every p € P, then it is finished. If not, the only possibility is
that H has two connected components {000,001, 10,11} and {01}. It still holds
®y; > 1 since Zp remains unchanged. Hence, there exists a (01,001)-stretchable
subchain {Js, (5~2,z/)}, so we apply Stretch(da, (5~2,z’)). Now, suppose ®1; > 1
and ®g; = 0. Then, £ = ko;. Let 5(Zo1) = 0. Then, there exists a (01,
11)-joinable subchain {6, a}, where a = 0; or a = (91, ") for some 2" € V;;.
The existence proof is similar to the proof in Case 1.2, and therefore omitted
here. Sequently, we apply Join(ds, ). When ¢ = 1, the Join operation makes H
connected since the subchain {1, a} is a subset of a closed chain (stems from
Y™*) that passes Gooo, Goo1, and Gy via vertex pairs. When ¢ = 0, there exists
a (10, 11)-stretchable chain {z, (Z,z’)} that stems from Y*. Hence, Lemma 27
applies. Let 8(Zp1) > 1. Notice that 5(Zp1) > 0 implies the existence of type-1
cells in Phase 1. From this and k = kg1, we obtain ®1g, P17 > 2. So applying
Propagate(01, 11) and Propagate(11, 10) suffices. This finishes the proof. O

6. Conclusion

We proved that the hypercube @, with at most f faulty graph elements
removed has a paired many-to-many bipartite k-disjoint path cover for any &k > 1
subject to f + 2k < m. We presented a constructive proof using two strategies:
a traditional divide-and-conquer approach using two Q,,_1s that span Q,,, and
a relaxation using three @,,—2s and two @Q,,_3s that span @Q,,. We believe that
this relaxation technique may apply for proving similar problems.
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